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Abstract

Modal local polynomial regression uses double kernel as the loss function to gain

some robustness in the nonparametric regression. Current researches use the stan-

dard normal density function as the weight function to down-weigh the influences

from the outliers. This paper extends the standard normal weight function to a

general class weight functions. All the theoretical properties found by using nor-

mal weight function are preserved with general weight function without imposing

additional conditions.
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1 Introduction

Estimating the regression functionm(x) = E(Y |X) in the following classical regression
model

Y = m(X) + ε (1.1)

has been, and will continue to be, a long-standing interest among theoretical statisticians
and practitioners as well. If the regression functionm(x) has a parametric form, that is,
m(x) = m(x; β), the research interest mainly focuses on the estimation of the parameters.

1The research of this author is supported by the USRG No. 2232 of Kansas State University
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Least squares and maximum likelihood are the most commonly used estimation procedures.
But some estimation procedures, like least squares, can be seriously affected by the outliers
or some other unusual data points. To overcome these drawbacks, many remedial measures
have been taken to make up this disadvantage, such as the M-estimation procedure, the mini-
mumL1-norm regression, the iteratively reweighted least squaress robust regression, the least
median of squares regression, quantile regression and other robust regression procedures in-
volving ranks or trimming one or several of the extreme squared deviations before applying
the least squares criterion. For a comprehensive understanding of these topics, see Huber
(1974), Ḧardle (1992), Chatterjee and M̈achler (1995), Rousseeuw (1984), Rousseeuw and
Croux (1993), Wilcox (1997), and the references therein. The discussion on rank related ro-
bust estimation procedure can be found in He and Liang (2000), Saleh and Shiraishi (1993),
Chen and Saleh (2000) and the monographes by Koenker (2005), Saleh (2006). Also see Koul
and Saleh (1993,1995), Alimoradi and Saleh (1999) for the extension of these methods to
other important statistical models.

Whenm(x) is unknown, some well known nonparametric estimation procedures, such
as the Nadaraya-Watson estimator, Gasser-Müller estimator, local polynomial, spline and or-
thogonal series estimators can be used to estimatem(x). Like the parametric case, the least
squares ingredient embedded in all the above procedures contributes their lack of robustness.
It is known that the M-type of regression estimators are natural candidates for obtaining ro-
bustness properties. The nonparametric M-estimators or local M-estimators for regression
functions have been studied by many authors, see Cleveland, W.S. (1979), Tsybakov, A.B.
(1986), Fan, Hu, and Truong (1994) and the references therein. Although M-estimators inherit
many desirable properties from the local least squares regression, they are defined implicitly
and numerical implementation requires an iterative scheme, hence computationally extensive.
To overcome this drawback, Fan and Jiang (2000) proposed a one-step local M-estimator with
a variable bandwidth. They showed that it shares the same computational expediency as the
local least squares estimator, and possesses the same asymptotic performance as the local M-
regression estimator when the initial estimator behaves well. Recently, Yao, Lindsay and Li
(2008) (YLL) use a normal density as the outlier-resistent weight function to construct the
M-estimator, called modal local estimator, for the regression function. Their method not only
provides a new understanding ofM -type estimation procedure, but also the computation bur-
den is greatly eased by employing the EM algorithm. It is also worth to mention that their
procedure does not use variable bandwidth. One interesting question related to their study is
that if there exists any other choices of the outlier-resistent weight function, so that the re-
sulting estimators have smaller mean squares errors. The current paper will try to answer this
question.

The paper is organized as follows. The model local constant and local polynomial regres-
sion procedure will be introduced briefly in Section 2; and the modal local polynomial pro-
cedure with general outlier-resistent weight function will be constructed in Section 3, some
theoretical results will be also presented there; Section 4 presents some criteria on selecting
the optimal bandwidth and the weight function; the proofs of all main results are postponed to
Section 5.
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2 Modal Local Constant and Local Polynomial

Let{(Xi, Yi) : i = 1, 2, · · · , n} be independent and identical copies from a population(X, Y )
having joint density functionf(x, y). Modal regression method uses the mode of the condi-
tional density functionf(y|x) to estimate the regression functionm(x) = E(Y |X = x).
The relationshipf(y|x) = f(x, y)/f(x) implies that the modes off(y|x) are the same as the
modes off(x, y) with x fixed. An estimation is needed iff(x, y) is unknown. The commonly
used nonparametric estimator off(x, y) is the kernel density estimator given as follows:

f̂(x, y) =
1
n

n∑

i=1

Kh1(Xi − x)Kh2(Yi − y), (2.1)

whereKh(x) = K(x/h)/h with K(x) being a symmetric density function, andh1, h2 being
the bandwidths. Then an estimator ofm(x) will be defined as the mode of̂f (x,y). Since
f̂(x, y) is in fact a mixture distribution, a modified EM algorithm is employed to find the
mode, see Li, et al.(2007).

The above procedure for estimation the regression functionm(x) is called the modal local
constant method. For any givenx, the mode off̂(x, y), as a function ofx, is estimated by
a constant. In a similar fashion as is done to extend the Nadaraya-Watson estimator to local
polynomial estimator in estimating the regression function, YLL extends the modal local con-
stant regression to the modal local polynomial regression. In fact, if the(p + 1)-th derivative
of m(x) at the pointx0 exists, the unknown regression functionm(x) can be estimated locally
by a polynomial of orderp. This polynomial is fitted by maximizing the following formula

n∑

i=1

Kh1(Xi − x0)φh2

(
Yi −

p∑

j=0

βj(Xi − x0)j
)

(2.2)

over β = (β0, β1, · · · , βp). Denote the solution to the above maximizing problem asβ̂ =
(β̂0, β̂1, · · · , β̂p). The regression functionm(x) at x = x0 is estimated bŷβ0. The ker-
nel functionK(·) is chosen to be standard normal. To simplify the M-step in the EM al-
gorithm, they deliberately choose the weight functionφ(·) to be the standard normal den-
sity. Under some conditions, they obtained the expressions for the bias and variance ofβ̂v,
v = 0, 1, · · · , p. Normality of these estimators are also proven under a minimal set of regular-
ity conditions. Theoretical results and simulation studies suggest that the above modal local
polynomial procedure is no worse than local polynomial regression based on the mean squares
error criterion. In some cases, the modal local polynomial can have smaller asymptotic mean
squares error than the local polynomial regression by carefully choosing the bandwidth in the
weight function. The result (c) in their Theorem 4.2 claims that if the error termε has a nor-
mal distribution, the optimal modal local polynomial will be the same as the local polynomial
regression.

Noticing that the kernel functionK(·) and the weight functionφ(·) are both set to be
standard normal in YLL’s paper, we become interested in the performance of the modal local
polynomial regression if the weight function is not restricted to the standard normal.
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One may notice that the modal local polynomial procedure and the general modal local
polynomial procedure are similar to the local likelihood and quantile regression procedures.
The quantile regression is a robust regression procedure, the general framework is the follow-
ing. LetG(y|x) be the conditional distribution ofY givenX = x. The conditionalα-quantile
function isξα(x) = G−1(α|x). The quantile function and its derivatives are estimated by
minimizing

n∑

i=1

Kh(Xi − x0)lα[Yi − β0 − β1(Xi − x0)− · · · − βp(Xi − x0)p]

wherelα(t) = |t|+ (2α− 1)t. The resulting estimator forξ(v)
α (x0) is simplyv!β̂v. Now, sup-

poseα = 0.5 andG has a unimodal density function which is symmetric around 0, then one
may realize that the resulting50-th quantile estimator is also the estimator of the conditional
expectation ofY given X = x0. But as we know, the computational loads for finding the
quantile estimator in some cases are formidable, while the modal local or the general modal
local regression procedure is superior than the quantile regression in this regard.

3 General Modal Local Polynomial and Main Results

By loosening the restriction on the weight function, we will maximize the following formula

n∑

i=1

Kh1(Xi − x0)Wh2

(
Yi −

p∑

j=0

βj(Xi − x0)j
)

(3.1)

over the range ofβ = (β0, β1, · · · , βp), whereK(·) andW (·) function are not necessarily

to be standard normal. Still denote the solution to the maximizing problem (3.1) asβ̂ =
(β̂0, β̂1, · · · , β̂p). Correspondingly,̂mv(x0) = v!β̂v is the estimator of thev-th derivative of
m(x) atx = x0.

The basic assumptions on the error termε in the model (1.1) will be the same as in YLL,
such asE(ε) = 0, ε has a continuous density function. In this paper we will assume the
homoscedasticity ofε. The discussion on the heteroscedastic case will be straightforward.
The marginal density function ofX andε will be denoted asf(·) andg(·), respectively.

The moments of the kernel functionK(·) andK2(·) are denoted respectively by

µj =
∫

tjK(t)dt, νj =
∫

tjK2(t)dt.

The following matrices and vectors are also used in the subsequent theorems and theoretical
argument.

S = (µj+l)0≤j,l≤p, S̃ = (µj+l+1)0≤j,l≤p, S∗ = (νj+l)0≤j,l≤p,
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cp = (µp+1, · · · , µ2p+1)
T , c̃p = (µp+2, · · · , µ2p+2)

T ,

ev+1 = (0, · · · , 0, 1, 0, · · · , 0)T with 1 on the(v + 1)-th position.

The conditions on the regression functionm(·), design density functionf(·) and error term
density functiong(·) are identical to those of YLL. We list all those conditions below for the
sake of completeness:

(m) m(x) has continuous bounded(p + 2)-th derivative.

(f) f(x) has continuous and bounded first and second derivatives.

(g1) g(x) is unimodal, symmetric around0, and has varianceσ2.

(g2) g(x) has bounded first and second derivatives.

About the kernel functionK(·), the weight functionW (·), and the bandwidthh1, we shall
assume

(k) K(x) is symmetric around0 and has finite(2p + 2)-th moments. Also
∫

tpK2(t) is
finite.

(w) W (·) is twice differentiable withW ′(0) = 0, W ′′(0) 6= 0.

(h1) h1 → 0, nh3
1 →∞ asn →∞.

The asymptotic bias and variance of the general modal local polynomial estimator of
m̂v(x0) are given by the following theorem.

Theorem 3.1. Under the assumption (m), (f), (g1), g(2), (k), (w), and (h1), the asymptotic
variance ofm̂v(x0) is given by

Var(m̂v(x0)) =
h2v!2G(h2)eT

v+1S
−1S∗S−1ev+1

F 2(h2)f(x0)nh2v+1
1

+ o
( 1

nh2v+1
1

)
, (3.2)

whereF (h) =
∫

W ′′(t)g(th)dt, G(h) =
∫

(W ′(t))2g(th)dt. The asymptotic bias whenp−v
odd is given by

Bias(m̂v(x0)) =
eT
v+1S

−1cpv!m(p+1)(x0)h
p−v+1
1

(p + 1)!
+ o(hp−v+1

1 ), (3.3)

and whenp− v even is given by

Bias(m̂v(x0)) =
eT
v+1S

−1c̃pv!hp−v+2
1 bp(x0)

(p + 2)!
+ o(hp−v+2

1 ), (3.4)

where

bp(x0) = m(p+2)(x0) +
(p + 2)m(p+1)(x0)f ′(x0)

f(x0)
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The above theorem reproduces YLL’s result for the general weight functionW . One can
see that the asymptotic bias of the general modal local polynomial is the same as that of local
polynomial regression and the asymptotic variance ish2G(h2)F (h2)−2/σ2 times that of the
local polynomial regression. In YLL’s case, one can seekh2 such thath2G(h2)F (h2)−2/σ2 <
1 to make the asymptotic mean squares error smaller than the local polynomial regression. Our
general modal local polynomial method provides an additional flexibility, that is, we can select
a proper weight functionW to achieve the same effect.

Theorem 4.2 in YLL states the properties ofhG(h)/F 2(h) when the weight function is
standard normal. The following Theorem shows that the same results still true for the general
weight functionW .

Theorem 3.2. Let F (h), G(h) be the same as in Theorem 3.1. Suppose the condition (w)
holds. Then we have

(a). limh→∞ hG(h)F−2(h) = σ2;
(b). infh hG(h)F−2(h) ≤ σ2.

YLL also shows that ifW andg are both standard normal, thenhG(h)F−2(h) > σ2 for
any finiteh and infh hG(h)F−2(h) = σ2. Sinceh2 can not be infinite in the real applica-
tion, so as far as the mean squares errors be concerned, the performance of the modal local
polynomial will be inferior to the local polynomial regression ifW is chosen to be standard
normal. In the general modal local polynomial set up, we are free to select the form of the
weight functionW subject to assumption (w). Are there any weight functionW which can
makeinfh hG(h)F−2(h) < σ2? More discussion on this can be found in the next section.

The asymptotic normality of̂m(v)(x0) can also be proved in a similar fashion as in YLL.
Only small modification is needed to accommodate the substitution of the general weight
function for the standard normal weight function.

Theorem 3.3. Under same assumptions of Theorem 3.2,

√
nh1

[
m̂(v)(x0)−m(v)(x0)− hp+1

1 b(x0) + O(hp+2
1 )

]
=⇒ N(0, σ2

v(x0)).

where

b(x0) = F (h2)βp+1f(x0)eT
v+1∆

−1cp/h2
2, σ2

v(x0) = eT
v+1∆

−1Λ∆−1ev+1

andΛ = G(h2)f(x0)S∗/(nh1h
3
2).

The proof of above theorem follows a routine manner. For the sake of brevity, the details
will not be given here, see Fan and Gijbels (1997) for a full reference.

4 Bandwidth and Weight Function Selection

As mentioned before, by selecting a properh2, YLL’s modal local polynomial estimator will
have smaller means square error than the local polynomial estimator, and more robust than
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the local polynomial estimator if outliers present or the error distribution has heavy tails.
While the general modal local polynomial estimator proposed in this paper has an additional
flexibility of selecting the weight function besidesh2. This extra flexibility may result in a
better estimator than that of modal local polynomial and local polynomial in some cases.

4.1 Optimal Bandwidth

The theoretical optimal local bandwidth for estimatingm(v)(·) is obtained by minimizing the
mean squares error which is the sum of squared bias and variance of the estimatorm(v)(·).
Theorem 3.1 provides us some results of the asymptotic bias and variance, so the asymptotic
optimal local bandwidth can be obtained by minimizing the asymptotic mean squares error.
Since the asymptotic means square error is similar to that of YLL except the definitions of
the functionsF andG, so the following theorem about the optimal local bandwidth can be
obtained exactly same as that of YLL. We only state the theorems without any proof.

Theorem 4.1. For the general modal local polynomial regression, the asymptotic optimal
local bandwidth(h1, h2) by minimizing the asymptotic mean squares error based on Theorem
3.1 are

h2,opt = arg min
h

hG(h)F−2(h),

h1,opt =

{
C1(p, v)n−1/(2p+3) if p− v is odd,

C2(p, v)n−1/(2p+5) if p− v is even,

where

C1(p, v) =

[
(2v + 1)v!2(p + 1)!2eT

v+1S
−1S∗S−1ev+1h2,optG(h2,opt)

n(2p− 2v + 2)f(x0)(eT
v+1S

−1cpv!m(p+1)(x0))2F 2(h2,opt)

]1/(2p+3)

,

C2(p, v) =

[
(2v + 1)v!2(p + 1)!2eT

v+1S
−1S∗S−1ev+1h2,optG(h2,opt)

n(2p− 2v + 2)f(x0)(eT
v+1S

−1c̃pv!bp(x0))2F 2(h2,opt)

]1/(2p+3)

.

In particular, for the local linear case,p = 1 andv = 0, then

C1(1, 0) =

[
ν0h2,optG(h2,opt)

nf(x0)(m(2)(x0))2F 2(h2,opt)

]1/5

.

The global bandwidth is obtained by minimizing the mean integrated square error of the
form ∫ (

[Bias(m̂(v)(x))]2 + Var(m̂(v)(x))
)
dK(x)

with the integrating positive measureK.
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Theorem 4.2. For the general modal local polynomial regression, the asymptotic optimal
global bandwidth(h1, h2) by minimizing the asymptotic mean integrated square error based
on Theorem 3.1 are

h2,opt = arg min
h

hG(h)F−2(h),

h1,opt =





C1(p, v)n−1/(2p+3) if p− v is odd,

C2(p, v)n−1/(2p+5) if p− v is even,

where

C1(p, v) =

[
(2v + 1)v!2(p + 1)!2eT

v+1S
−1S∗S−1ev+1h2,optG(h2,opt)I1

n(2p− 2v + 2)(eT
v+1S

−1cpv!m(p+1)(x0))2F 2(h2,opt)

]1/(2p+3)

,

C2(p, v) =

[
(2v + 1)v!2(p + 1)!2eT

v+1S
−1S∗S−1ev+1h2,optG(h2,opt)I1

n(2p− 2v + 2)(eT
v+1S

−1c̃pv!I2F 2(h2,opt)

]1/(2p+3)

,

I1 =
∫

1/f(x)dK(x), I2 =
∫

b2(x)dK(x).

In particular, for the local linear case,p = 1 andv = 0, then

C1(1, 0) =

[
ν0h2,optG(h2,opt)I1

nµ2
2F

2(h2,opt)I2

]1/5

Since the asymptotic optimal bandwidths depend on some unknown quantities such as the
error densityg, the design densityf and the second derivative of the regression functionm,
so we have to estimate them in order to find the plug-in type bandwidth. As YLL points out
that there is no explicit solution for the optimalh2, so one can use the grid search method. For
these purposes, they get the residualsε̂i = yi−m̂(xi) by fitting the data using some smoothing
methods, such as, kernel, local polynomial etc.. IfW is selected to be normal, YLL proposes
two methods which do not involve any integration. SinceW may not be normal in our case,
so the first method does not work, but the second method is applicable. In fact, notice that

F (h) =
∫

W ′′(t)g(th)dt =
1
h

E[W ′′(ε/h)],

G(h) =
∫

(W ′(t))2g(th)dt =
1
h

E[W ′(ε/h)]2,
(4.1)

By approximating the above expectation by the sample mean, we can chooseh2 to minimize
h2Ĝ(h2)/F̂ 2(h2), where

F̂ (h) =
1

nh

n∑

i=1

W ′′(ε̂i/h), Ĝ(h) =
1

nh

n∑

i=1

[W ′(ε̂i/h)]2. (4.2)

Now we can use the grid method suggested by YLL to look for the optimalh2 andh1 based
on the Theorem 4.1 and 4.2.
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4.2 Weight Function Selection

By Theorem 3.1, we know that the asymptotic bias of the general modal local polynomial
estimators is the same as that of the local polynomial regression and YLL’s modal local poly-
nomial regression, while the asymptotic variance of the general modal local is different from
that of the local polynomial regression in that there is an extra factorh2G(h2)/F 2(h2) in the
general modal local polynomial case, it is also different from the asymptotic variance of the
YLL’s modal local polynomial in that the weight function inG andF functions is restricted to
standard normal in YLL’s case. So our general modal local polynomial not only equips with
the ability to keep the robustness which is inherited from the YLL’s idea, but also achieves a
smaller mean squares error than the modal local polynomial regression procedure or the local
polynomial regression procedure if the weight functionW is properly chosen. The latter fact
stands up as our unique innovative contribution comparing to the existing literatures.

As an example, recall the result (c) of Theorem 4.2 in YLL. If the error density is a nor-
mal distribution with mean 0 and varianceσ2, then for any finiteh2, h2G(h2)/F 2(h2) > σ2.
This implies that YLL’s modal local polynomial regression procedure is always inferior to the
local polynomial regression procedure in that the former has a larger asymptotic mean squares
error than the latter no matter how to chooseh2. Now if we let W (x) = ca−x2/2, wherec
is the normalizing constant to makeW (x) to be a density function. Also letMSEW (h) be
the asymptotic mean squares error corresponding to aboveW (x) with h2 = h, let MSEφ(h)
be the asymptotic mean squares error corresponding to the standard normal density func-
tion with h2 = h. Then for any finiteh > 0 andσ2, σ2 < MSEW (h) < MSEφ(h) if
1 < a < e. In fact, this example is only for the purpose of illustration, becauseW (x) =
ca−x2/2 is also a normal density function with mean 0 and variance1/

√
ln a. It is easy to see

MSEW (h
√

ln a) = MSEφ(h).
As another example, we consider the following Bisquare weight function

B(x) =

{
[1− (x/4.685)2]2 |x| ≤ 4.685

0 |x| > 4.685

B(x) is often used in the iterative reweighted least squares robust regression procedure. It
is not twice differentiable, so it is not a candidate forW (x). We can use the interpolation
technique to make this function smoother such that the second derivative exists, in fact, the
following modified version ofB(x), denoted byW (x), satisfies the condition (w).

W (x) =





0 x < −4.865

B1(x) −4.865 ≤ x < −4.865 + η

B(x) −4.685 + η ≤ x < 4.685− η

B2(x) 4.685− η ≤ x < 4.685

0 x ≥ 4.685

whereB1(x) andB2(x) are polynomials of order5 andB1(x) = B2(−x) which coefficients
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depend onη. For example, ifη = 1, then

B2(x) = −0.182x5 + 3.724x4 − 30.301x3 + 122.811x2 − 248.397x + 201.158.

The following figure shows the plots ofW (x) with η = 1, the first and the second deriva-
tive ofW (x), also the factorhG(h)/F 2(h) for YLL’s modal local polynomial and our General
modal local polynomial. The solid curve is the variance factor from YLL, and the dashed line
is the variance factor from our general modal local polynomial procedure. We can see that
the factor in our case is uniformly smaller than that of YLL’s case, in particular for smallerh,
which implies that our method has smaller mean squares error.
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We are also considering the existence ofW , with condition (w), such thatMSEW < σ2

for some finiteh. If suchW exists, then in the sense of mean squares error, our procedure will
do a better job than the local polynomial regression procedure. Clearly suchW function can
not be the form ofW (x) = ca−x2/2. In fact, the inequalityMSEW < σ2 holds if and only if

E[W ′(X/h)]2 < [EW ′′(X/h)]2,

where the expectations are taken under the normal distribution with mean 0 and varianceσ2.
We cannot give a determined answer to this issue. All the functions we tried only support the
converse inequality. This will be our future research topic.

5 Proofs of the Main Results

The proof of Theorem 3.1 is similar to that of Theorem 4.1 in YLL, only the difference is
stated here.
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Proof of Theorem 3.1.Let θ = (β0, h1β1, . . . , h
p
1βp)T , θ̂ = (β̂0, h1β̂1, . . . , h

p
1β̂p)T ,

θ0 = (m(x0), h1m
′(x0), . . . , h

p
1m

(p)(x0)/p!)

and

Zi =

(
1,

Xi − x0

h1
, . . . ,

(Xi − x0)p

hp
1

)
.

Sinceβ̂ maximizes (3.1),̂θ will maximize

ln(θ) =
1
n

n∑

i=1

Kh1(Xi − x0)Wh2(Yi − θT Zi).

Denote

Wn =̂
∂ln(θ0)

∂θ
= − 1

nh2
2

n∑

i=1

Kh1(Xi − x0)W ′
(

Yi − θT Zi

h2

)
Zi,

∆n =̂
∂2ln(θ0)

∂θ2 =
1

nh3
2

n∑

i=1

Kh1(Xi − x0)W ′′
(

Yi − θT Zi

h2

)
ZiZ

′
i,

whereW ′,W ′′ are the first and second derivative ofW .
Define

Sj,k = Kh1(X − x0)

(
X − x0

h1

)j

W
(k)
h2

(Yi − θ′0Zi).

Then by changing variables in the integration, the expectation ofSj,k is given by

ESj,k =
∫

sjK(s)
[∫

W (k)(t)g(θT
0 s + th2 −m(x0 + sh1))dt

]
f(x0 + sh1)ds,

whereW (k) is thek-th derivative ofW , g andf are the density functions of the error term
and the design variable.

By the definition ofθ0 and the conditions (m), (g2), one has

θT
0 s−m(x0 + sh1) = O(hp+1

1 ),

g(th2 + θT
0 s−m(x0 + sh1)) = g(th2) + O(hp+1

1 ).
(5.1)

So if k is even,

ESj,k = [µjf(x0) + h1µj+1f
′(x0)]

∫
W (k)(t)g(th2)dt + O(h2

1). (5.2)
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If k is odd, the integration in (5.2) vanishes, one needs to obtain some high order terms in the
expansion (5.1). Letbp(s) = βp+1(sh1)p+1 + βp+2(sh1)p+2, then

g(θT
0 s + th2 −m(x0 + sh1)) = g(th2)− bp(x)g′(th2) + O(hp+3

1 ).

Using this expansion, and letHk(h2) = − ∫
W (k)(t)g′(th2)dt, we have

ESj,k = −Hk(h2)h
p+1
1 R(x0, h1),

where

R(x0, h1) = µj+p+1βp+1f(x0) + h1µj+p+2(βp+1f
′(x0) + βp+2f(x0)) + O(h2

1).

Now, define

Tj,k = K2
h1

(X − x0)
(

X − x0

h1

)2 [
W

(k)
h2

(Y − θT
0 Z)

]2
.

Then by changing variables in integration, one has

ETj,k =
1

h1h2

[
f(x0)νj

∫
[W (k)(t)]2g(th2)dt + o(h1)

]
.

By the Taylor expansion ofln(θ) atθ = θ0, the maximizer̂θn of ln(θ)satisfies

θ̂n − θ0 = −∆−1
n Wn + Op(‖θ̂n − θ0‖2).

Note that

E(∆n) = h−2
2 E(Si+j,2)0≤i,j≤p =

F (h2)
h2

2

[
f(x0)S + f ′(x0)h1S̃

]
+ O(h2

1)

and Var(Sj,k)/n = O(1/nh1), easy to see that

∆n =
F (h2)

h2
2

[
f(x0)S + f ′(x0)h1S̃

]
+ Op

(
h2

1 +
1√
nh1

)
.

Also
EWn = h−1

2 E(Si,1)0≤i≤p

= h−1
2 H1(h2)h

p+1
1

[
βp+1f(x0)cp + h1(βp+1f

′(x0) + βp+2f(x0))c̃p

]
+ O(hp+3

1 ).

By the well known matrices result(A + hB)−1 = A−1 − hA−1BA−1 + O(h2) and

H1(h2) = −
∫

W ′(t)g′(th2)dt

=
1
h2

g(th2)W ′(t)

∣∣∣∣∣
∞

−∞
+

1
h2

∫
g(th2)W ′′(t)dt =

F (h2)
h2

,
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the asymptotic expansion for the bias term will be

Bias(θ̂) = hp+1
1

[
βp+1S

−1cp + h1B(x0) + O

(
h2

1 +
1√
nh1

)]
,

where

B(x0) =
βp+1f

′(x0) + βp+2f(x0)
f(x0)

S−1c̃p − f ′(x0)
f(x0)

βp+1S
−1S̃S−1cp.

Recall that̂θv = hv
1m̂

(v)/v! and the(v + 1)-th element ofS−1c̃p and ofS−1S̃S−1cp are
0 for p− v odd, and the(v + 1)-th element ofS−1cp and ofS−1S̃S−1cp are0 for p− v even,
we obtain the results of (3.3) and (3.4).

Notice that

Var(Wn) =
1

nh2
2

E(Ti+j,1)0≤i,j≤p + o(1/nh1)

=
1

nh1h3
2

f(x0)G(h2)S∗ + o(1/nh1).

So the asymptotic expansion for the varianceθ̂ is given by

Var(θ̂) = ∆−1
n Var(Wn)∆−1

n =
h2G(h2)
nh1f(x0)

S−1S∗S−1 + o(1/nh1)

which implies the result (3.2). Other claims can be shown similarly. Also see Fan and Jiang
(2000). ¤

Proof of Theorem 3.2.Since (b) is implied by (a), so we only have to show (a). By changing
or variable,

hG(h)
F 2(h)

=
h

∫
(W ′(t))2g(th)dt(∫
W ′′(t)g(th)dt

)2 =
hG(h)
F 2(h)

=
∫

(W ′(t/h))2(h/t)2t2g(t)dt(∫
W ′′(t/h)g(t)dt

)2 .

From assumptions (w), (g1), leth →∞ on the right end of the above expression, one have

hG(h)
F 2(h)

→
∫

(W ′′(0))2t2g(t)dt(∫
W ′′(0)g(t)dt

)2 =
∫

t2g(t)dt = σ2

which yield result (a). ¤

Proof of Theorem 3.3.The proof is similar to that of Theorem 4.3 in YLL, so we only states
the differences for the sake of brevity. Using YLL’s notation, it is then suffice to show that
nE|ξ1|3 → 0, where

ξ1 = − 1√
nh1h2

2

K

(
Xi − x0

h1

)
W ′

(
Yi − θT Zi

h2

)
dT Zi,
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d is an arbitraryp + 1-dimension real vector. Easy to seenE|ξ1|3 is bounded above by

Op(nn−3/2h
−3/2
1 )

p∑

j=0

E

∣∣∣∣∣∣
K3

(
Xi − x0

h1

)
W ′3

(
Yi − θT Zi

h2

)(
Xi − x0

h1

)3j
∣∣∣∣∣∣
,

by the boundedness ofW ′, the summand in the above expression is of the orderO(h1), hence
nE|ξ1|3 = O(1/

√
nh1) which tends to0 by assumption (h1). ¤
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