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a b s t r a c t

Here we discuss the problem of fitting a parametric model to the regression function of the
fixed effects in a class of balanced mixed effects models. The proposed test is based on the
supremum of the Khmaladze transformation of a certain partial sum process of calibrated
residuals, and the asymptotic null distribution of this transformed process turns out to be
the same as that of a time transformed standard Brownian motion. Moreover, we show
that this test is consistent against a large class of fixed alternatives and has non-trivial
asymptotic power against a class of nonparametric local alternatives. Simulation studies
are conducted to assess the finite sample performance of the proposed test.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Classical statistical inferences often assume that the observations are independent, even identically distributed, but
modern scientific research generates many data sets which may fail to satisfy this requirement; instead, the data present
a much more complicated multilevel and hierarchical structure. For example, in clinical trial studies, a measurement may
be taken from patients at different time points. Observations from different patients are independent, but the repeated
measurements from the same patient are correlated. Classical inference procedures applied to these kinds of data sets are
more likely to lead to misleading or invalid conclusions; see the price–sale example in Demidenko (2004), and the reading-
age example in Diggle et al. (2002). Beginning with Laird and Ware (1982), mixed modeling has become more and more
popular for analyzing such data sets and its theory has been well developed. However, most research is devoted to looking
for efficient procedures for estimation of the regression parameters from the fixed effects, and the covariance matrix from
the random effects. When doing this, the form of the regression function of the fixed effects is often predetermined. This has
a potential risk that any deviation from the specified form will be likely to jeopardize the validity of estimation procedures
and results. Therefore, it is very practical and also necessary to develop formal lack-of-fit test procedures for checking the
adequacy of regression functions.
Graphical tools, such as the residual plots, are routinely used for model checking in various models, such as classical

regression models, time series models etc.; see Brockwell and Davis (2002) and Cook and Weisberg (1994). Although these
graphs are informative, drawing conclusions basedmerely on these is quite subjective. Pan and Lin (2005) develop some nu-
merical methods for checking the adequacy of generalized linear mixedmodels. Their methods are based on the cumulative
sums of residuals over covariates or predicted values of the response variable. These stochastic processes converge weakly
to zero-mean Gaussian processes. Since the covariance matrix of this Gaussian process is so complicated that the resulting
test statistic is not distribution-free, the application of the testing procedure is done through Monte Carlo simulation.
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In this work, we study the following balanced mixed effects model:
Yij = g(Xi)+ Z ′ijbi + εij, i = 1, 2, . . . , n, j = 1, 2, . . . ,m,

where g(·) is the fixed effect regression function, bi, i = 1, 2, . . . , n, are i.i.d. q× 1 vectors of unobservable random effects
having a distribution with mean vector 0 and covariance matrix V . Xi, i = 1, 2, . . . , n, are i.i.d. one-dimensional covariates.
Zi = (Z ′i1, Z

′

i2, . . . , Z
′

im)
′, i = 1, 2, . . . , n, are i.i.d. random vectors, Z ′ denotes the transpose of Z , and εij, i = 1, 2, . . . , n, j =

1, 2, . . . ,m, are i.i.d. with mean 0 and variance σ 2. For the sake of identifiability, we will assume m > 1. Using X, Z, b and
ε to denote the generic population, we shall assume that X, Z, b and ε are independent. The objective here is to test

H0 : g(x) = g(x, β), for some β ∈ Γ and all x ∈ R,
where g(x, β) is a parametric function with β taking values in a compact subset Γ of Rp.
Comparing with the existing methods, the test procedure proposed in this work will be based on the Khmaladze

transformation of a certain marked residual process. The transformed marked residual process converges weakly to a time
transformed Brownian motion in uniform metric. Consequently, any test based on a continuous functional of this process
is asymptotically distribution-free, and can be implemented at least for moderate to large samples without resorting to a
resampling method.
The rest of the work is organized as follows. The marked residual process and its asymptotic null distribution are

discussed in Section 2 under quite broad assumptions. Consistency and asymptotic power against n−1/2-local nonparametric
alternatives of the test are discussed in Section 3. Section 4 contains the simulation study. All the proofs will be postponed
to Section 5.
Throughout the rest of the work, B denotes standard Brownian motion on [0, 1], and for any random variable V , FV , fV

denote its distribution and density functions, respectively.

2. Assumptions and main results

Define

Si =
m∑
j=1

[Yij − g(Xi)] =
m∑
j=1

[Z ′ijbi + εij], i = 1, 2, . . . , n

and Z̃i =
∑m
j=1 Zij. Then it is easy to see that Si are i.i.d. with mean 0 and conditional variance E[S

2
i |Xi, Zij, j = 1, 2, . . . ,m] =

mσ 2 + Z̃ ′iV Z̃i which depends on Z̃i only and will be denoted as τ
2(̃Zi) in the sequel. By a routine argument, one can show

that, as n→∞,

Tn(x) =
1
√
n

n∑
i=1

Si
τ (̃Zi)

I[Xi ≤ x] H⇒ B ◦ (FX (x))

weakly in D(R̄) = D([−∞,∞]), and in uniform metric. If β, V and σ 2 are all known, one can simply test the hypothesis
H0 : g(x) = g(x, β) based on Tn(x). However, these parameters are usually unknown in practice. The natural way to proceed
is to replace these unknown quantities with some consistent estimators, denoted by β̂, V̂ and σ̂ 2. Define Ỹi =

∑n
j=1 Yij,

Si(β) =
∑m
j=1[Yij − g(Xi, β)]; then Tn(x) can be written as

T̂n(x) =
1
√
n

n∑
i=1

Si(β̂)

τ̂ (̃Zi)
I[Xi ≤ x] =

1
√
n

n∑
i=1

Ỹi −mg(Xi, β̂)√
mσ̂ 2 + Z̃ ′i V̂ Z̃i

I[Xi ≤ x].

But the limiting process for T̂n(x) under the null hypothesis will not be distribution-free. In fact, it depends on the CDF
FX of X , the local structure of g , given in terms of the derivative of g with respect to its parameter, and the conditional
variance τ 2(̃Z). Although we can show that the limiting process will be a Gaussian process with mean 0, the covariance
matrix has a complicated form, which makes the test procedure hard to implement in real applications. A similar situation
occurs for the lack-of-fit test in the classical regression models or the measurement error models; see Koul and Song
(2009), Stute et al. (1998) (STZ) etc. To construct a distribution-free test statistic, we introduce the so-called Khmaladze
martingale transformation of T̂n(x). The Khmaladze transformation was first introduced by Khmaladze (1981, 1988), then
soon became a powerful tool for constructing distribution-free test statistics. Suppose a stochastic process, say R(x), has the
same distribution as the sum of a Brownian motion B(x), and a Gaussian process U(x). The Khmaladze transformation of
R(x) is a linear transformation L of R(x) such that L(R(x)) = L(B(x)) + L(U(x)) = B(x) in distribution. For more about the
Khmaladze transformation, seeKhmaladze (1981, 1988, 1993), Koul (2006) and Stute et al. (1998) and the references therein.
Define ġ(x, β) = ∂g(x, β)/∂β, l(X, Z̃) = mτ−1(̃Z)ġ(X, β), ξ = S(β)/τ (̃Z) = (̃Y−mg(X, β))/τ (̃Z), a1 = Eτ−1(̃Z), a2 =

Eτ−2(̃Z), andMx = El(X, Z̃)l′(X, Z̃)I[X ≥ x]. By the independence of X and Z , we haveMx = a2m2Eġ(X, β)ġ ′(X, β)I[X ≥ x].
Then the Khmaladze transformation of T̂n(x) has the form

Ŵn(x) =
1
√
n

n∑
i=1

ξ̂iI(Xi ≤ x)−
1
√
n

n∑
i=1

ξ̂i

[
mâ1
n

n∑
j=1

I(Xj ≤ x)ġ ′(Xj, β̂)M̂−1Xj I(Xi ≥ Xj)

]
l̂(Xi, Z̃i),
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where

ξ̂i = Si(β̂)/τ̂ (̃Zi), â1 =
1
n

n∑
i=1

τ̂−1(̃Zi), â2 =
1
n

n∑
i=1

τ̂−2(̃Zi). (2.1)

l̂(Xi, Z̃i) =
mġ(Xi, β̂)

τ̂ (̃Zi)
, M̂x =

â2m2

n

n∑
i=1

ġ(Xi, β̂)ġ ′(Xi, β̂)I[Xi ≥ x].

The following is a list of the assumptionswhichwewill need in the sequel to derive the asymptotic results for the process
Ŵn(x).

(e) E‖Z‖4 <∞.
(g1) g(x, β) is differentiable with respect to β with E‖ġ(X, β0)‖2 < ∞. For any

√
n-consistent estimator β̂,max1≤i≤n

√
n|g(Xi, β̂)− g(Xi, β0)− (β̂ − β0)′ġ(Xi, β0)| = op(1), where β0 is the true value of β under the null hypothesis.

(g2) For some q × q square matrix g̈(x, β0) and a nonnegative function kβ0(x), both measurable in the x coordinate, the
following holds:

E‖g̈(X, β0)‖2 <∞, E‖g̈(S, β0)‖‖ġ(X, β0)‖j <∞, E‖g̈(X, β0)‖jkβ0(X) <∞,

j = 0, 1, and for all δ > 0, there exists an η > 0 such that ‖β − β0‖ ≤ η implies

‖ġ(x, β)− ġ(x, β0)− g̈(x, β0)(β − β0)‖ ≤ δkβ0(x)‖β − β0‖, a.s. FX .

(m) Eġ(X, β0)ġ ′(X, β0)I(X ≥ x) is positive definite for all x ∈ R.

The following theorem gives the weak convergence result for the process Ŵn(x).

Theorem 2.1. Suppose (e), (g1), (g2), (m) hold. Then under H0, for every x0 <∞, Ŵn ⇒ B◦FX , in D([−∞, x0]) and in uniform
metric.

As in STZ, it is recommended to apply the above result with x0 equal to the 99th percentile of F̂X . Consequently, the test
that rejects H0 whenever

sup
x≤x0

∣∣∣∣Ŵn(x)/√
F̂X (x0)

∣∣∣∣ = sup
x≤x0

∣∣∣∣Ŵn(x)/√0.99∣∣∣∣ > bα
will be of the asymptotic size α, where bα is such that P(sup0≤u≤1 |B(u)| > bα) = α.

Remark 1. The restriction of the weak convergence of Ŵn(x) over [−∞, x0] is a technical one. See more discussions on this
issue in Remark 5.2. The choice of x0 introduces some subjectivity into our test. In real applications, it is suggested that a
large x0 should be chosen to cover most of the range of X . Simulation studies show that the performance of the test is not
sensitive to the choice of x0.

Remark 2. The proposed testing procedure has some limitations with respect to the fixed design variable X . It requires that
X should be the same for all of the subjects within a level or cluster. In some cases, this is not necessary. For example, if the
model under consideration is Yij = g(Xij)+ Z ′ijbi + εij, and the hypothesis to test is H0 : g(x) = xβ , then our test procedure
still applies on simply replacing Xi with X̃i =

∑m
j=1 Xij, and the CDF of X with that of X̃ . Of course, that X̃i, i = 1, 2, . . . , n,

are i.i.d. will be assumed.

3. Consistency and local power

The ability to detect any deviation from the null hypothesis is often referred to as the consistency. More specifically, for a
fixed alternative, a consistent test should have power that tends to 1 as the sample size goes to∞. In this section, we show
that our test is consistent. To this end, consider a general class of fixed alternative hypotheses: Ha : g(x) = h(x), where
h(x) 6∈ {g(x, β) : β ∈ Γ } and Eh2(X) <∞.
In the previous section, we assume that estimators β̂ , σ̂ 2, and V̂ are

√
n-consistent. Would these estimators still have a

similar property under the alternative hypothesis Ha? The question is of interest in its own right. For the classical regression
set-up, Jennrich (1969) and White (1981, 1982) showed that, under some mild regularity conditions, the nonlinear least
squares estimator is consistent and asymptotically normal even in the presence of model misspecification. This idea can
be borrowed here to show the consistency and asymptotic normality of β̂, σ̂ 2, and V̂ under Ha. We will not justify this
rigorously here. But we should note that σ̂ 2 and V̂ may not converge to the true values of σ 2 and V , say σ 20 and V0. In the
following, we assume

√
n(β̂−β1) = Op(1),

√
n(σ̂ 2−σ 21 ) = Op(1), and

√
n(V̂ −V1) = Op(1) for some β1, σ 21 , and V1 under

the alternative Ha.
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Table 1
σ 2 = σ 2b = 0.5

2 .

Model \ n 50 100 200 300 500

Model 0 0.033 0.036 0.038 0.042 0.040
Model 1 0.756 0.974 1.000 1.000 1.000
Model 2 0.724 0.967 1.000 1.000 1.000

By τ 21 (̃Zi) we denote τ
2(̃Zi) with all the parameters replaced by β1, σ 21 , and V1, a1 and a2 are similarly defined with τ

replaced by τ1. Define
ρ(x) = m2a2E [h(X)− g(X, β1)] ġ(X, β1)I(X ≥ x),
D1(x) = ma1E [h(X)− g(X, β1)] I(X ≤ x),
D2(x) = ma1E[ġ ′(X, β1)M̃−1X ρ(X)I(X ≤ x)],

and d(x0) = maxx≤x0 |D1(x)− D2(x)|. Then we have the following result:

Theorem 3.1. Suppose all the conditions in Theorem 2.1 hold with β0, σ 20 , and V0 replaced by β1, σ
2
1 , and V1, d(x0) > 0. Then

for any 0 < α < 1, the test that rejects H0 whenever supx≤x0 |Ŵn(x)/
√
F̂X (x0)| > bα is consistent.

Sometimes it is desirable to investigate the performance of a test statistic at local alternatives, since the consistency tells
us nothing about the power when the sample size is relatively small. Let δ(x) be a measurable function such that Eδ2(X) <
∞. Consider the following sequence of local alternatives HLoc : g(x) = g(x, β) + δ(x)/

√
n. We assume that the estimators

that we used in the test statistic are such that
√
n(β̂−β0) = Op(1),

√
n(σ̂ 2−σ 20 ) = Op(1) and

√
n(V̂ −V0) = Op(1). Define

ρ(x) = a2m2Eδ(X)ġ(X, β0)I(X ≥ x), and k(x) = ma1Eδ(X)I(X ≤ x) − ma1Eġ ′(X, β0)M−1X ρ(X)I(X ≤ x), where a1 and a2
are defined like in Section 2. The power of the test against HLoc can be readily obtained from the following theorem:

Theorem 3.2. Suppose all the conditions in Theorem 2.1 hold. Then under HLoc, Ŵn(x) H⇒ B◦FX (x)+k(x)weakly in D[−∞, x0]
and in uniform metric.

Remark. It is easy to see that if the test has non-trivial asymptotic power against HLoc, δ(x) has to satisfy supx≤x0 |k(x)| > 0.

4. Simulation

Simulation studies are conducted in this section to evaluate the finite sample behavior of the proposed test procedure. x0
is chosen to be the 99th percentile of the empirical distribution function F̂X . For the significance level α = 0.05, the critical
value bα obtained from the distribution of sup0≤u≤1 |B(u)| is 2.24241. See, e.g., Khmaladze and Koul (2004). In the following
simulation, for various sample sizes, we repeated the above procedure 1000 times and the empirical size and power are
computed by using #

{
supx≤x0 |Ŵn(x)/

√
0.99| ≥ bα

}
/1000. The effect of a different x0 value on the performance of our test

will be discussed at the end of this section.
Simulation 1: We generate samples from the following three models:
Model 0: Yi = Xβ + Zb+ ε,
Model 1: Yi = Xβ + Zb+ 0.1X exp(X)+ ε,
Model 2: Yi = Xβ + Zb+ sgn(X)X2 + ε

where X ∼ N(0, 1), Z ∼ N(0, 1), b ∼ N(0, σ 2b ), and ε ∼ N(0, σ
2). The null model to be fitted is g(x, β) = xβ . The true

parameters are chosen to be β = 1. Data fromModel 0 are used to study the empirical level, while data fromModels 1, 2 are
used to study the empirical power of the test. Various values of σ 2b and σ

2 are used in the simulation. Since the simulation
results are similar for all cases, only results for σ 2 = σ 2b = 0.5

2 are reported in Table 1.
The simulation study shows that the empirical levels are all less than the nominal levels in all the chosen cases; hence

the proposed test is conservative for the chosen sample sizes. The overall performance of the test against the two alternative
models is satisfactory, as it has good power (almost 95%) for small sample sizes.
Simulation 2: Simulation study on a quadratic fixed effect mixed model is conducted here. The data sets are generated from
the following models:
Model 0: Y = β1X + β2X2 + Zb+ ε,
Model 1: Y = β1X + β2X2 + Zb+ 0.2X exp(X)+ ε,
Model 2: Y = β1X + β2X2 + Zb+ sgn(X)X3 + ε.

The null hypothesis is H0 : g(x, β) = xβ1 + x2β2. Data from Model 0 are used to study the empirical level, while data from
Models 1, 2 are used to study the empirical power of the test. In the simulation, ε ∼ N(0, σ 2), X ∼ N(0, 1), Z ∼ N(0, 1),
and b ∼ N(0, σ 2b ). To see the effects of σ

2 and σ 2b on the test, we tried a variety of values. Since the simulation results are
similar, we only report two cases. Table 2 gives the simulation results for σ 2 = σ 2b = 0.5

2. Table 3 is for σ 2 = σ 2b = 0.8
2.
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Table 2
σ 2 = σ 2b = 0.5

2 .

Model \ n 50 100 200 300 500

Model 0 0.018 0.031 0.040 0.040 0.041
Model 1 0.776 0.988 1.000 1.000 1.000
Model 2 0.761 0.987 0.999 1.000 1.000

Table 3
σ 2 = σ 2b = 0.8

2 .

Model \ n 50 100 200 300 500

Model 0 0.023 0.029 0.037 0.034 0.052
Model 1 0.558 0.900 0.997 1.000 1.000
Model 2 0.621 0.890 0.998 1.000 1.000

Table 4
σb1b2 = 0.

Model \ n 50 100 200 300 500

Model 0 0.033 0.040 0.040 0.047 0.049
Model 1 0.478 0.815 0.991 1.000 1.000
Model 2 0.214 0.420 0.727 0.886 0.985

Table 5
σb1b2 = 0.25.

Model \ n 50 100 200 300 500

Model 0 0.035 0.034 0.041 0.044 0.051
Model 1 0.495 0.809 0.988 0.999 1.000
Model 2 0.240 0.422 0.736 0.903 0.989

Table 6
σb1b2 = 0.25, x0 = ∞.

Model \ n 50 100 200 300 500

Model 0 0.037 0.034 0.040 0.044 0.048
Model 1 0.489 0.809 0.987 0.999 1.000
Model 2 0.238 0.428 0.685 0.898 0.995

The simulation study shows that most empirical levels tend to be less than the nominal levels in all the chosen
cases, which indicates that the proposed test is conservative—in particular, when the sample size is small. But the overall
performance of the test against the two alternatives is satisfactory.

Simulation 3: A simulation on a two-dimensional random effects mixed model is also conducted here. The data sets are
generated from the following models:

Model 0: Y = Xβ + Z1b1 + Z2b2 + ε,
Model 1: Y = Xβ + Z1b1 + Z2b2 + 0.1X exp(X)+ ε,
Model 2: Y = Xβ + Z1b1 + Z2b2 + 0.5sgn(X)X2 + ε.

The null hypothesis is H0 : g(x, β) = xβ . Again data from Model 0 are used to study the empirical level, while data
from Models 1, 2 are used to study the empirical power of the test. In the simulation, ε ∼ N(0, σ 2), X ∼ N(0, 1), Z1 ∼
N(0, 1), Z2 ∼ N(0, 1), and (b1, b2) has a bivariate normal distribution with mean vector (0, 0), variances Var(b1) =
σ 2b1 ,Var(b2) = σ 2b2 , and covariance Cov(b1, b2) = σb1b2 . To see the effects of σ

2 and the covariance matrix V on the test,
we tried a variety of values. Since the simulation results are similar, we only report two cases. Table 4 gives the simulation
results for σ 2 = 0.52, σ 2b1 = σ

2
b2
= 1, and σb1b2 = 0. Table 5 is for σ

2
= 0.52, σ 2b1 = σ

2
b2
= 1, and σb1b2 = 0.25.

As in the previous simulation studies, the above simulation study shows that the proposed test is conservative for those
sample sizes. Through simulation studies, we also find that the power decreaseswhen the variance σ 2, σ 2b1 , and σ

2
b2
increase,

but the correlation within the random effects seems to have no significant effect on the performance of the test.
To see the effects of the choice of x0, we also conduct a simulation study in which all other set-ups are the same as in

Table 5 except that x0 is taken to be∞. The result shows that our test is not sensitive to the choice of x0 as far as the finite
sample behavior is concerned (Table 6).
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5. Proofs

To prove Theorem2.1,weneed three lemmas. Throughout this section, up(1) stands for a sequence of stochastic processes
that tends to zero, uniformly over its time domain, in probability.

Lemma 5.1. Suppose ξ and U are random variables with E(ξ |U) = 0, 0 < Eξ 2 < ∞. Let σ 2(u) = E(ξ 2|U = u), L(u) =
Eσ 2(U)I[U ≤ u], u ∈ R̄. Let (ξi,Ui), 1 ≤ i ≤ n, be i.i.d. copies of (ξ ,U). Define

Un(u) =
1
√
n

n∑
i=1

ξiI[Ui ≤ u], u ∈ R̄,

and L is assumed to be continuous. Then Un H⇒ B ◦ L in D(R̄) and uniform metric.

The proof of this lemma is based on Theorems 12.6, 15.5, in Billingsley (1968). The details are similar to those appearing in
STZ, and therefore are omitted here.
To state the next lemma, let U be a continuous r.v. with CDF G. Let `(u) be a vector of q functions with E‖`(U)‖2 < ∞.

Assume the matrix Cu := E`(U)`′(U)I(U ≥ u) is positive definite for all u ∈ R. For a real valued function γ ∈ L2(R,G)
define the transforms

Tγ (u) :=
∫
y≤u

γ (y)`′(y)C−1y dG(y)`(u), Kγ (u) := γ (u)− Tγ (u).

The following lemma follows from Proposition 4.1 of Khmaladze and Koul (2004) and Lemma 9.1 of Koul (2006), which in
turn has its origin in Khmaladze (1988).

Lemma 5.2. Under the above set-up,
EKγ (U)`′(U) = 0, ∀γ ∈ L2(R,G)
EKγ1(U)Kγ2(U) = Eγ1(U)γ2(U), ∀γ1, γ2 ∈ L2(R,G).

Remark 5.1. Let ξ be a r.v. such that E(ξ |U) = 0, Eξ 2 < ∞, τ 2(u) := E(ξ 2|U = u) > 0, for all u. Then the covariance of
the processWγ (ξ ,U) := [ξ/τ(U)]Kγ (U), as a process in γ ∈ L2(R,G), is like that of Bγ (G), where Bγ is a Brownian motion
in γ . Hence, if (ξi,Ui), 1 ≤ i ≤ n, are i.i.d. copies of (ξ ,U), then by the classical CLT, the finite dimensional distributions of
n−1/2

∑n
i=1Wγ (ξi,Ui), as γ varies, will converge weakly to those of Bγ (G).

To prove the main theorems, we also need the following lemma:

Lemma 5.3. Suppose that (e) holds; then
max
1≤i≤n
|τ̂ 2(̃Zi)− τ 2(̃Zi)| = op(1), max

1≤i≤n
|τ̂ (̃Zi)− τ (̃Zi)| = op(1),

max
1≤i≤n

∣∣∣∣ 1

τ̂ (̃Zi)[τ (̃Zi)+ τ̂ (̃Zi)]
−

1

2τ 2(̃Zi)

∣∣∣∣ = op(1).
The proof is mainly based on the facts that τ̂ (̃Zi) ≥ σ̂ 2, τ 2(̃Zi) ≥ σ 2 and the

√
n-consistency of σ̂ 2 and V̂ . The details are

omitted. Note that the above lemma also implies

max
1≤i≤n

∣∣∣∣∣τ (̃Zi)τ̂ (̃Zi)
− 1

∣∣∣∣∣ = op(1). (5.1)

Proof of Theorem 2.1. We will use β0, V0, σ 20 to denote the true values of the corresponding parameters under H0; τ0(̃Zi)
is the same as τ (̃Zi) with all parameters replaced by the null values. Let Ûn(x) = n−1/2

∑n
i=1 ξ̂i l̂(Xi, Z̃i)I(Xi ≥ x), where ξ̂i

and l̂(Xi, Z̃i) are defined in (2.1). Then Ŵn(x) can be written as

1
√
n

n∑
i=1

ξ̂iI(Xi ≤ x)−mâ1

∫
s≤x
ġ ′(s, β̂)M̂−1s Ûn(s)dF̂X (s) =: Wn1(x)−Wn2(x).

Let ∆n(̃Zi) = τ0(̃Zi)/̂τ (̃Zi) − 1. By adding and subtracting mg(Xi, β0) from mg(Xi, β̂) in the numerator of ξ̂i,Wn1(x) can be
written as the sum of four terms:

Wn11(x) =
1
√
n

n∑
i=1

ξiI(Xi ≤ x),
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Wn12(x) = −
m
√
n

n∑
i=1

g(Xi, β̂)− g(Xi, β0)

τ0(̃Zi)
I(Xi ≤ x),

Wn13(x) =
1
√
n

n∑
i=1

ξi∆n(̃Zi)I(Xi ≤ x),

Wn14(x) = −
m
√
n

n∑
i=1

g(Xi, β̂)− g(Xi, β0)

τ0(̃Zi)
∆n(̃Zi)I(Xi ≤ x).

We already know thatWn11(x) H⇒ B ◦ FX (x)weakly in D[−∞,∞] and in uniform metric. Note that

Wn12(x) = −
m
√
n

n∑
i=1

g(Xi, β̂)− g(Xi, β0)− ġ ′(Xi, β0)(β̂ − β0)

τ0(̃Zi)
I(Xi ≤ x)+

m
√
n

n∑
i=1

ġ ′(Xi, β0)

τ (̃Zi)
I(Xi ≤ x)(β̂ − β0);

then from (g1) and the fact that τ0(̃Zi) > mσ 20 > 0, we know the first term on the right is up(1). By a Glivenko–Cantelli type
argument, we also have

1
n

n∑
i=1

ġ(Xi, β0)

τ0(̃Zi)
I(Xi ≤ x) = E

ġ(X, β0)

τ (̃Z)
I(X ≤ x)+ up(1).

Hence

Wn12(x) = −ma1E[ġ ′(X, β0)I(X ≤ x)]
√
n(β̂ − β0)+ up(1).

By definition of τ̂ 2(̃Zi) and τ 2(̃Zi),

Wn13(x) = (σ 20 − σ̂
2)
1
√
n

n∑
i=1

ξi

2τ 2(̃Zi)
I(Xi ≤ x)+ (σ 20 − σ̂

2)
1
√
n

n∑
i=1

ξiI(Xi ≤ x)
[

1

τ̂ (̃Zi)[τ0(̃Zi)+ τ̂ (̃Zi)]
−

1

2τ 2(̃Zi)

]

+
1
√
n

n∑
i=1

ξĩZ ′i (V − V̂ )̃Zi
2τ 2(̃Zi)

I(Xi ≤ x)+
1
√
n

n∑
i=1

ξĩZ ′i (V − V̂ )̃ZiI(Xi ≤ x)
[

1

τ̂ (̃Zi)[τ0(̃Zi)+ τ̂ (̃Zi)]
−

1

2τ 2(̃Zi)

]
.

The first and third terms are up(1)which can be proved by a Glivenko–Cantelli argument and the
√
n-consistency of σ̂ 2 and

V̂ . By (5.1), one can further show that the second and fourth terms are up(1).
ForWn14(x), we have

Wn14(x) = −
m
√
n

n∑
i=1

g(Xi, β̂)− g(Xi, β0)

τ0(̃Zi)

[
τ0(̃Zi)

τ̂ (̃Zi)
− 1

]
I(Xi ≤ x)

= −
m
√
n

n∑
i=1

g(Xi, β̂)− g(Xi, β0)− (β̂ − β0)′ġ(Xi, β0)

τ0(̃Zi)

[
τ0(̃Zi)

τ̂ (̃Zi)
− 1

]
I(Xi ≤ x)

−
m
√
n

n∑
i=1

(β̂ − β0)
′ġ(Xi, β0)

τ0(̃Zi)

[
τ0(̃Zi)

τ̂ (̃Zi)
− 1

]
I(Xi ≤ x).

From (g1) and (5.1), it follows thatWn14(x) = up(1). Therefore, we show that

Wn1(x) =
1
√
n

n∑
i=1

ξiI(Xi ≤ x)−ma1Eġ ′(X, θ0)I(X ≤ x) ·
√
n(β̂ − β0)+ up(1). (5.2)

To study the asymptotic property of the processWn2(x), let’s look carefully into the process Ûn(x). By routine adding and
subtracting arguments, we can write Ûn(x) as the sum of Un(x) and the other seven terms:

Bn1(x) =
1
√
n

n∑
i=1

ξil(Xi, Z̃i)∆n(̃Zi)I(Xi ≥ x),

Bn2(x) =
m
√
n

n∑
i=1

g(Xi, β0)− g(Xi, β̂)

τ0(̃Zi)
l(Xi, Z̃i)I(Xi ≥ x),

Bn3(x) =
m
√
n

n∑
i=1

g(Xi, β0)− g(Xi, β̂)

τ0(̃Zi)
l(Xi, Z̃i)∆n(̃Zi)I(Xi ≥ x),
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Bn4(x) =
m
√
n

n∑
i=1

ξi[ġ(Xi, β̂)− ġ(Xi, β0)]I(Xi ≥ x)

τ0(̃Zi)
,

Bn5(x) =
m
√
n

n∑
i=1

ξi[ġ(Xi, β̂)− ġ(Xi, β0)]I(Xi ≥ x)

τ0(̃Zi)
∆n(̃Zi),

Bn6(x) =
m2
√
n

n∑
i=1

[g(Xi, β0)− g(Xi, β̂)][ġ(Xi, β̂)− ġ(Xi, β0)]

τ 20 (̃Zi)
I(Xi ≥ x),

Bn7(x) =
m2
√
n

n∑
i=1

[g(Xi, β0)− g(Xi, β̂)][ġ(Xi, β̂)− ġ(Xi, β0)]

τ 20 (̃Zi)
I(Xi ≥ x)∆n(̃Zi).

Since

Bn2(x) =
m
√
n

n∑
i=1

g(Xi, β0)− g(Xi, β̂)+ (β̂ − β0)′ġ(Xi, β0)

τ0(̃Zi)
l(Xi, Z̃i)I(Xi ≤ x)

−
m
n

n∑
i=1

ġ ′(Xi, β0)

τ0(̃Zi)
l(Xi, Z̃i)I(Xi ≤ x)

√
n(β̂ − β0),

it follows from (g1) that Bn2(x) = −Mx
√
n(β̂ − β0) + up(1). All other terms are up(1) on the basis of (g2) and the routine

arguments used to deal withWn1(x) earlier. Combining these results gives

sup
x∈R̄

∣∣∣Ûn(x)− Un(x)+Mx · √n(β̂ − β0)∣∣∣ = op(1). (5.3)

Similarly, one can show that supx∈R̄ ‖M̂x − Mx‖ = op(1). Note that Mx is positive definite by condition (m); hence for any
x0 <∞,

sup
x≤x0
‖M̂−1x −M

−1
x ‖ = op(1). (5.4)

Finally, by the consistency of â1,Wn2(x) can be written as the sum of three terms:

Cn1(x) = ma1

∫
s≤x
ġ ′(s, β0)M−1s Un(s)dF(s),

Cn2(x) = ma1

∫
s≤x
ġ ′(s, β0)M−1s [Ûn(s)− Un(s)]dF(s),

and a remainder term which can be shown to be up(1). From (5.3), it follows that

Cn2(x) = −ma1Eg(X, θ0)I(X ≤ x) ·
√
n(β̂ − β0).

(5.2), together with the above result, yields

Ŵn(x) =
1
√
n

n∑
i=1

ξiI(Xi ≤ x)−ma1

∫
s≤x
ġ ′(s, β0)M−1s Un(s)dF(s)+ up(1) = Wn(x)+ up(1).

Using Lemma 5.2, we can obtain the desired result of Theorem 2.1. �

Remark 5.2. Note that in the proof above, the only place where we need to restrict the supremum to [−∞, x0] is for
establishing (5.4). If `(x, z), and hence Mx, are free from the null parameters and depend on the other unknown entities
in a simpler fashion, then one does not need this result and a suitable analog of Ŵn will converge weakly to B ◦ FX in
D([−∞,∞]). Consider, for example, the case where l(x, z̃) = c · h(x, z̃) is known completely except for the constant c
which can be consistently estimated, and the CDFs of FX , F̃Z are known.

Proof of Theorem 3.1. Let bai , i = 1, 2, . . . , n, be random vectors, i.i.d. with mean 0 and covariance matrix V1, and be
independent of other random entities. Define Y aij = g(Xi, β1)+ Z

′

ijb
a
i + εij and Ỹ

a
i =

∑m
j=1 Y

a
ij ; then

ξ̂i = ξ̂
a
i +

Ỹi − Ỹ ai
τ̂ (̃Zi)

, ξ̂ ai =
Ỹ ai −mg(Xi, β̂)

τ̂ (̃Zi)
.
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Hence, the test statistic Ŵn(x) can be decomposed into two terms:

Ŵ an (x) =
1
√
n

n∑
i=1

ξ̂ ai

[
I(Xi ≤ x)−

1
n

n∑
j=1

l̂′(Xj, Z̃j)M̂−1Xj I(Xj ≤ x ∧ Xi)l̂(Xi, Z̃i)

]
,

R̂an(x) =
1
√
n

n∑
i=1

Ỹi − Ỹ ai
τ̂ (̃Zi)

[
I(Xi ≤ x)−

1
n

n∑
j=1

l̂′(Xj, Z̃j)M̂−1Xj I(Xj ≤ x ∧ Xi)l̂(Xi, Z̃i)

]
.

Using an argument similar to that for the null case, we can show thatW an (x) H⇒ B ◦ ψ(x) in D[−∞, x0] for any x0 < ∞
and in uniform metric with ψ(x) = P(X ≤ x)Eτ 20 (̃Z)/τ

2
1 (̃Z).

Write R̂an(x) as R̂
a
n1(x)− R̂

a
n2(x), where

R̂an1(x) =
1
√
n

n∑
i=1

Ỹi − Ỹ ai
τ̂ (̃Zi)

I(Xi ≤ x)

=
1
√
n

n∑
i=1

mg1(Xi)+ Z̃ ′i bi −mg(Xi, β1)− Z̃
′

i b
a
i√

mσ̂ 2 + Z̃ ′i V̂ Z̃i
I(Xi ≤ x).

Therefore, the law of large numbers and a Glivenko–Cantelli type argument imply

n−1/2̂Ran1(x) H⇒ D1(x)+ up(1). (5.5)

Let

V̂n(x) =
1
n

n∑
i=1

(̃Yi − Ỹ ai )l̂(Xi, Z̃i)

τ̂ (̃Zi)
I(Xi ≥ x).

Then

n−1/2̂Ran2(x) = mâ1

∫
s≤x
ġ ′(s, β̂)M̂−1s V̂n(s)dF̂X (s).

Again, the law of large numbers and a Glivenko–Cantelli type argument imply V̂n(x) = ρ(x) + up(1). Using the same
argument as in the null case, one can verify that, under Ha, for any fixed x0 <∞, supx≤x0 ‖M̂

−1
x − A

−1
x ‖ = op(1), where Ax is

the same asMx with β0, σ 20 , V0 replaced by β1, σ
2
1 , and V1, respectively. Therefore, we obtain n

−1/2̂Ran2(x) = D2(x)+ up(1).
This, together with (5.5), yields

sup
x≤x0
|n−1/2Ran(x)− [D1(x)− D2(x)]| = op(1). (5.6)

Finally, the consistency of our test is derived by combining (5.6), the inequality

sup
x≤x0
|Ŵn(x)| ≥

√
n sup
x≤x0
|n−1/2̂Ran(x)| − sup

x≤x0
|Ŵ an (x)|,

and the condition d(x0) = supx≤x0 |D1(x)− D2(x)| > 0. �

Proof of Theorem 3.2. The proof of this theorem is similar to that of Theorem 2.1 with obvious modifications. �
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