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Test

Hypothesis and Test Statistic

Question of interest: Suppose X ∼ Np(µ,Σ). We would like to test

H0 : µ = µ0 versus H1 : µ 6= µ0.

Recall what we have done in the univariate case.

Test statistic
t =

X̄ − µ0

s/
√

n
.

Test criterion: Reject H0 if

|t| ≥ tn−1(α/2) or t2 ≥ t2
n−1(α/2) = F1,n−1(α).

In the multivariate case, the test statistic is the Hotelling’s T2:

T2 = n(X̄− µ0)′S−1(X̄− µ0).
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Test

Sampling Distribution of The Test Statistic

Sampling Distribution of T2

Let X1,X2, . . . ,Xn be a random sample from an Np(µ,Σ) population. Then

n(X̄− µ)′S−1(X̄− µ) ∼
(n − 1)p

n − p
Fp,n−p,

where Fp,n−p is an F distribution with the first degrees of freedom p and the
second degrees of freedom n − p.

NOTE: It would be beneficial to remember the following formula:

Np(0,Σ)′
[Wishartp,df

df

]−1
Np(0,Σ) ∼

(n − 1)p
n − p

Fp,n−p,

where df is the degrees of freedom of the Wishart matrix, N and W are
independent.

At the α level of significance, H0 is rejected if the observed

T2 = n(X̄− µ0)′S−1(X̄− µ0) >
(n − 1)p

n − p
Fp,n−p(α).
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Test

Example 4.1 (Testing a multivariate mean vector with T2) Perspiration
from 20 healthy females was analyzed. Three components, X1 =sweat rate,
X2 =sodium content, and X3 =potassium content, were measured. The data are
presented in the following table. Assume that (X1,X2,X3)′ follows a multivariate
normal distribution with mean vector µ = (µ1, µ2, µ3)′.
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Test

Statistical Hypothesis:

H0 : µ′ = [4, 50, 10] versus H1 : µ′ 6= [4, 50, 10].

Solution:

Weixing Song, Juan Du Workshop on Multivariate Analysis



8/52

Inference on the Normal Population Mean: One Population Case Inference on Normal Population Means: Several Populations Case Testing of Equality of Covariance Matrices

Test
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Test

Hotelling’s T 2 and Likelihood Ratio Tests

T2-statistic can be derived as the likelihood ratio test of H0.

The maximum of the multivariate normal likelihood as µ and Σ are varied
over their possible values is given by

maxµ,ΣL(µ,Σ) =
1

(2πe)np/2|Σ̂|n/2
, Σ̂ = Sn .

The maximum of the multivariate normal likelihood as µ = µ0 and Σ is
varied over their possible values is given by

maxΣL(µ0,Σ) =
1

(2πe)np/2|Σ̂0|n/2

where Σ̂ = n−1
∑n

j=1(xj − µ0)(xj − µ0)′.

Likelihood ratio

Λ =
maxΣL(µ0,Σ)
maxµ,ΣL(µ,Σ)

=
(

Σ̂
Σ̂0

)n/2

.
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Test

Λ2/n = |Σ̂|/|Σ̂0| is called Wilks’ lambda.

Smaller value of Λ indicates an evidence against H0.

Equivalence between Hotelling’s T and Wilks’ Λ

Let X1,X2, . . . ,Xn be a random sample from an Np(µ,Σ) population. Then the
test based on T2 is equivalent to the likelihood ratio test because

Λ2/n =
(
1 +

T2

n − 1

)−1

.
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Confidence Regions and Simultaneous Comparisons

Confidence Region
Question of Interest: Let θ be a vector of unknown population parameters. We
want to find a confidence region which is a region of likely θ values.

The region R(X), determined by the data, is said to be a 100(1− α)% confidence
region if, before the sample is selected,

P(R(X) will cover the true θ) = 1− α.

This probability is calculated under the true, but unknown, value of θ.

Confidence Region of µ

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Confidence Regions and Simultaneous Comparisons

Confidence Region of µ

Geometry of the confidence interval: The joint confidence region for µ is an
ellipsoid centered at x̄, and with axes

±

√
λip(n − 1)
n(n − p)

Fp,n−p(α)ei , where Sei = λiei , , i = 1, 2, . . . , p.
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Confidence Regions and Simultaneous Comparisons

Simultaneous Confidence Statement

Let X have an Np(µ,Σ) distribution and consider the linear combination

Z = a′X = a1X1 + z2X2 + · · ·+ apXp.

Note that Z ∼ N(a′µ,a′Σa). So, for a particular a, a 100(1− α)% confidence
interval of a′µ is

z̄ − tn−1(α/2)
sz√

n
≤ a′µ ≤ z̄ + tn−1(α/2)

sz√
n

or

a′x̄− tn−1(α/2)
√
a′Sa
√

n
≤ a′µ ≤ a′x̄ + tn−1(α/2)

√
a′Sa
√

n
. (CI)

Question: For a fixed a, the probability of (CI) contains the true a′µ is 1− α.
Is it true that the probability of (CI) containing the true value of a′µ, for all
a ∈ Rp, is 1− α? (No!)
How to construct a simultaneous confidence interval for all a′µ?
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Confidence Regions and Simultaneous Comparisons

T2 Confidence Intervals

Let X1,X2, . . . ,Xn be a random sample from an Np(µ,Σ). Then, simultaneously
for all a, the interval(

a′X̄−

√
p(n − 1)
n(n − p)

Fp,n−p(α)a′Sa, a′X̄ +

√
p(n − 1)
n(n − p)

Fp,n−p(α)a′Sa
)

will contain a′µ with probability 1− α.

Proof: Note that

max
a

n[a′(x̄− µ)]2

a′Sa
= n(x̄− µ)′S−1(x̄− µ) = T2.
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Confidence Regions and Simultaneous Comparisons

SCIs for Linear Combinations

Let X1,X2, . . . ,Xn be a random sample from an Np(µ,Σ). Then, simultaneously
for all a, the interval(

a′X̄−

√
p(n − 1)
n(n − p)

Fp,n−p(α)a′Sa, a′X̄ +

√
p(n − 1)
n(n − p)

Fp,n−p(α)a′Sa
)

will contain a′µ with probability 1− α.

Let a′ = [1, 0, . . . , 0], [0, 1, 0, . . . , 0] and so on, we have

all hold simultaneously with confidence coefficient at least 1− α.
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Confidence Regions and Simultaneous Comparisons

Example 4.2 (Constructing simultaneous confidence intervals and
ellipses). The scores obtained by n = 87 college students on the College Level
Examination Program (CLEP) subtest X1, and the College Qualification Test
(CQT) subtests X2 and X3 are given in the following table for X1 =social science
and history, X2 =verbal, and X3=science.
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Confidence Regions and Simultaneous Comparisons

Remark:

The simultaneous T2 confidence intervals are ideal for “data snooping”.
We can conclude the statement that (µi , µk) belong to the sample
mean-centered ellipses

n[x̄i − µi , x̄k − µk ]
[

sii sik
sik skk

]−1 [ x̄i − µi
x̄k − µk

]
≤

p(n − 1)
n − p

Fp,n−p(α)

and still maintain the confidence coefficient (1− α) for the whole set of
statements.
The simultaneous T2 confidence intervals for the individual components of a
mean vector are just the shadows, or projections, of the confidence ellipsoid
on the component axes.
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Confidence Regions and Simultaneous Comparisons

Bonferroni Simultaneous Confidence Intervals

Why Bonferroni?

When the number of individual confidence statements is small, it is possible to do
better than the Scheffe’s simultaneous confidence intervals.

Suppose that, prior to the collection of data, confidence statements about m linear
combinations a′1µ, . . . ,a′mµ are required.

Recall, for any particular a′iµ, a 1− α confidence interval is given by

a′i x̄± tn−1

(
α

2

)√a′iSai

n
, i = 1, 2, . . . ,m.

Bonferroni SCI replaces tn−1
(
α
2

)
by tn−1

(
α

2m

)
. That is

a′i x̄± tn−1

(
α

2m

)√a′iSai

n
, i = 1, 2, . . . ,m.
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Large Sample Inferences

When the sample size is large, tests of hypotheses and confidence regions for µ can
be constructed without the assumption of a normal population.

Test of Mean Vector Based on Large Sample Theory
Let X1,X2, . . . ,Xn be random sample from a population with mean µ and
positive definite covariance matrix Σ. When n − p is large, the hypothesis
H0 : µ = µ0 is rejected in favor of H1 : µ 6= µ0, at a level of significance
approximately α, if the observed

n(x̄− µ0)′S−1(x̄− µ0) > χ2
p(α),

where χ2
p(α) is the upper 100α-th percentile χ2

p.
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Large Sample Inferences

Confidence Regions Based on Large Sample Theory
Let X1,X2, . . . ,Xn be random sample from a population with mean µ and
positive definite covariance matrix Σ. When n − p is large,

a′x̄±

√
χ2

p(α)a′Sa
n

will contain a′µ, for every a, with probability approximately 1− α. Consequently,
we can make the 200(1− α)% simultaneous confidence statements

x̄1 ±

√
χ2

p(α)s11

n
contains µ1, . . . , x̄p ±

√
χ2

p(α)spp

n
contains µp,

and, in addition, for all pairs (µi , µk), i, k = 1, 2, . . . , p the sample mean-centered
ellipses

n[x̄i − µi , x̄k − µk ]
[

sii sik
sik skk

]−1 [ x̄i − µi
x̄k − µk

]
≤ χ2

p(α) contains (µi , µk).
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Large Sample Inferences

When the sample size is large, the one-at-a-time confidence intervals for individual
means are

x̄i ± z(α/2)
√ sii

n
, i = 1, 2, . . . , p,

where z(α/2) is the upper 100α/2-th percentile of the standard normal
distribution.

The Bonferroni SCIs for the m = p statements about the individual means are

x̄i ± z(α/(2p))
√ sii

n
, i = 1, 2, . . . , p.
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Topics in the part:

In this part, we shall introduce procedures for compare several mean vectors by
assuming multivariate normal distribution or large sample sizes.

We shall often review univariate procedures for comparing several means and then
generalize to the corresponding multivariate cases by analogy.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Paired Comparison

Efficacy of a new drug may be determined by comparing measurements with the
“treatment” and without the “treatment”.

One ideal approach is to assign both treatments to the same or identical units.
The paired responses are analyzed by computing the their differences, thereby
eliminating much of the influence of extraneous unit-to-unit variation.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Paired Comparison

What we did in univariate response case?

Data:

Obs. Trt. 1 Trt. 2
1 X11 X12
2 X21 X22
...

...
...

n Xn1 Xn2

Given that the differences Dj = Xj1 −Xj2, j = 1, 2, . . . ,n are i.i.d. observations
from N(δ, σ2

δ ), we have

t =
D̄ − δ
sd/
√

n
∼ tn−1,

where D̄ and sd are the sample mean and sample standard deviation of Dj ’s.
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Paired Comparison

Multivariate Case

Data:

Obs. Trt. 1 Trt. 2
1 (X111,X112, . . . ,X11p) (X211,X212, . . . ,X21p)
2 (X121,X122, . . . ,X12p) (X221,X222, . . . ,X22p)
· · · · · · · · ·
j (X1j1,X1j2, . . . ,X1jp) (X2j1,X2j2, . . . ,X2jp)
· · · · · · · · ·
n (X1n1,X1n2, . . . ,X1np) (X2n1,X2n2, . . . ,X2np)

Let
Dj1 = X1j1 −X2j1,Dj2 = X1j2 −X2j2, . . . ,Djp = X1jp −X2jp.

Define D′j = [Dj1,Dj2, . . . ,Djp]. We assume that D1,D2, . . . ,Dn are i.i.d.
Np(δ,Σd).

Inferences about the vector of mean differences δ can be based upon a T2-statistic

T2 = n(D̄− δ)′S−1
d (D̄− δ).

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Paired Comparison

Distribution of T2

Let the differences D1,D2, . . . ,Dn be a random sample from an Np(δ,Σd). Then

T2 = n(D̄− δ)′S−1
d (D̄− δ) ∼

(n − 1)pFp,n−p

n − p
.

Hypothesis Testing: An α-level test of

H0 : δ = 0 versus H1 : δ 6= 0

rejects H0 if the observed

T2 = nd̄′S−1
d d̄ >

(n − 1)pFp,n−p(α)
n − p

Confidence Interval: A 100(1− α)% confidence region for δ

n(d̄− δ)′S−1
d (d̄− δ) ≤

(n − 1)pFp,n−p(α)
n − p

.
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Paired Comparison

Simultaneous Confidence Interval

A 100(1− α)% simultaneous confidence intervals for the individual mean
differences δi are given by

d̄i ±

√
(n − 1)pFp,n−p(α)s2

di

n(n − p)
,

where d̄i is the i-th element of d̄ and s2
di

is the i-th diagonal element of Sd .

Bonferroni Simultaneous Confidence Interval

A 100(1− α)% Bonferroni simultaneous confidence intervals for the individual
mean differences δi are given by

d̄i ± tn−1

(
α

2p

)√ s2
di

n
.

Simultaneous Confidence Interval: Non-Normal Data: If n − p is large,
replace

(n − 1)pFp,n−p(α)
n − p

with χ2
p(α).
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Paired Comparison
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Repeated Measures Design for Comparing Treatments

Consider a situation where q treatments are compared with respect to a single
response variable. Each subject or experimental unit receives each treatment once
over successive periods of time.

Data:

Obs. Trt.1 Trt.2 · · · Trt.q
1 X11 X12 . . . X1q X′1
2 X21 X22 . . . X2q X′2
· · · · · · · · · · · · · · · · · ·
n Xn1 Xn2 . . . Xnq X′n

Model: Assume that Xj ’s are i.i.d. with Nq(µ,Σ).

Statistical Inference: Test of Equality of Treatments.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Repeated Measures Design for Comparing Treatments

The null hypothesis of testing the equality of treatment means can be formulated
as 

µ1 − µ2
µ1 − µ3

...
µ1 − µq

 = 0, or


µ2 − µ1
µ3 − µ2

...
µq − µq−1

 = 0.

If we define

C1 =


1 −1 0 · · · 0
1 0 −1 · · · 0
...

...
...

. . .
...

1 0 0 · · · −1

 , C2 =


−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −1 1

 ,
the testing the equality of treatment means is equivalent to testing C1µ = 0 or
C2µ = 0.

C1,C2 are called contrast matrix.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Repeated Measures Design for Comparing Treatments

Test for Equality of Treatments

Note: T2 does not depend on the particular choice of C .

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Repeated Measures Design for Comparing Treatments

Confidence Region for Constrasts

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Repeated Measures Design for Comparing Treatments

Example 4.4 (Testing for equal treatments in a repeated measure design)

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Repeated Measures Design for Comparing Treatments

Let µ1, µ2, µ3 and µ4 correspond to the mean responses for treatment 1,2,3, and 4,
respectively.

Consider the following three treatment contrasts:

(µ3 + µ4)− (µ1 + µ2) : Halothane effect
(µ1 + µ3)− (µ2 + µ4) : CO2 effect
(µ1 + µ4)− (µ2 + µ3) : Interaction effect

Test all three effects are 0. That is,

H0 : Cµ = 0 versus H1 : Cµ 6= 0,

where

C =

[
−1 −1 1 1
1 −1 1 −1
1 −1 −1 1

]
.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Comparing Mean Vectors from Two Populations

Data Structure

Suppose we have two populations X1 and X2.

Assumptions Concerning the Structure of the Data:

The sample X11,X12, . . . ,X1n1 is from X1;
The sample X21,X22, . . . ,X2n2 is from X2;
These two samples are independent.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Comparing Mean Vectors from Two Populations

Normal Populations with Equal Covariance

We further assume that
X1 ∼ Np(µ1,Σ1), X2 ∼ Np(µ2,Σ2),
Σ1 = Σ2 = Σ.

Note that
µ1 can be estimated by X̄1, the sample mean of X11,X12, . . . ,X1n1 ,
µ2 can be estimated by X̄1, the sample mean of X21,X22, . . . ,X2n2 ,
Σ can be estimated by the pooled covariance matrix

Spooled =
(n1 − 1)S1 + (n2 − 1)S2

n1 + n2 − 2
,

where S1 and S2 are the sample covariance of these two samples, respectively.

Weixing Song, Juan Du Workshop on Multivariate Analysis
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Comparing Mean Vectors from Two Populations

Test: Two Populations

If X11,X12, . . . ,X1n1 is a random sample of size n1 from Np(µ1,Σ), and
X21,X22, . . . ,X2n2 is a random sample of size n2 from Np(µ2,Σ), then

T2 = [(X̄1 − X̄2)− (µ1 − µ2)]′
[( 1

n1
+

1
n2

)
Spooled

]−1
[(X̄1 − X̄2)− (µ1 − µ2)]

is distributed as
(n1 + n2 − 2)p

(n1 + n2 − p − 1)
Fp,n1+n2−p−1.

Hypothesis Testing: Reject H0 : µ1 = µ2 and in favor of H1 : µ1 6= µ2 at the
significance level α if

(X̄1−X̄2)′
[( 1

n1
+

1
n2

)
Spooled

]−1
(X̄1−X̄2) ≥

(n1 + n2 − 2)p
(n1 + n2 − p − 1)

Fp,n1+n2−p−1(α).

Confidence Region: A 100(1− α)% confidence region of µ1 − µ2 is given by

T2 ≤
(n1 + n2 − 2)p

(n1 + n2 − p − 1)
Fp,n1+n2−p−1(α).
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Suppose we have samples from g populations

Population 1: X11,X12, . . . ,X1n1 ;
Population 2: X21,X22, . . . ,X2n2 ;
· · · , · · · ;
Population g: Xg1,Xg2, . . . ,Xgng .

Assumptions:
The random samples from different populations are independent;
All populations have a common covariance matrix Σ;
The k-th population has a normal distribution: Np(µk ,Σ), j = 1, . . . , g.

Hypothesis to test:

H0 : µ1 = µ2 = · · · = µg versus H1 : H0 is not true.
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MANOVA Statistical Model

We shall assume the data are from the following model

Xlj = µ1 + τ l + elj , j = 1, 2, . . . ,nl and l = 1, 2, . . . , g

where the elj are independent Np(0,Σ) variables. Here the parameter vector µ is
the overall mean, and τ l represents the l-th treatment effect with

∑g
l=1 nlτ l = 0.

Accordingly, a vector of observation may be decomposed as

xlj = x̄ + (x̄l − x̄) + (xlj − x̄l).

Then we have the following decomposition of sample covariances
g∑

l=1

nl∑
j=1

(xlj − x̄)(xlj − x̄)′ =
g∑

l=1

nl(x̄l − x̄)(x̄l − x̄)′ +
g∑

l=1

nl∑
j=1

(xlj − x̄l)(xlj − x̄l)′

Total SS Treatment (Between) SS + Residual (Within) SS
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MANOVA Table

The hypothesis H0 will be rejected if

Λ∗ =
|W|

|B + W|
=

∣∣∣∑g
l=1

∑nl
j=1(xlj − x̄l)(xlj − x̄l)′

∣∣∣∣∣∣∑g
l=1

∑nl
j=1(xlj − x̄)(xlj − x̄)′

∣∣∣
is too small.
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Distribution of Wilk’s Lambda
Special Cases

Large Sample Cases: Bartlett has shown that if H0 is true and∑g
l=1 nl = n is large, then

−
(

n − 1−
p + q
2

)
ln Λ∗ =⇒ χ2

p(q−1).

Consequently, we reject H0 at the significance level α if

−
(

n − 1−
p + q
2

)
ln Λ∗ > χ2

p(q−1)(α).
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Example 4.5 (A multivariate analysis of Wisconsin nursing home data)
The Wisconsin Department of Health and Social Services reimburses nursing
homes in the state for the services provided. The department develops a set of
formulas for rates for each facility, based on factors such as level of care, mean
wage rate, and average wage rate in the state.

Nursing homes can be classified on the basis of ownership (private party, nonprofit
organization, and government) and certification (skilled nursing facility,
intermediate care facility, or a combination of the two).

One purpose of a recent study was to investigate the effects of ownership or
certification (or both) on costs. Four costs, computed on a per-patient-day basis
and measured in hours per patient day, were selected for analysis: X1 =cost of
nursing labor, X2 =cost of dietary labor, X3 =cost of plant operation and
maintenance labor, and X4 =cost of housekeeping and laundry labor. A total of
n = 516 observations on each of the p = 4 cost variables were initially separated
according to ownership. Summary statistics for each of the g = 3 groups are given
in the following table.
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Example 4.6 The relationship of size and shape for painted turtles is studied.
The following table contains their measurements on the carapaces of 24 female
and 24 male turtles. Test for equality of the two population mean vectors using
α = 0.05.
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SCIs for Treatment Effects

When the hypothesis of equal treatment effects is rejected, those effects that led to
the rejection of the hypothesis are of interest.

For pairwise comparisons, the Bonferroni approach will be used to construct the
SCIs for the component differences τ k − τ l .

SCIs for Treatment Effects
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When comparing two or more multivariate mean vectors, we often assume that
the covariance matrices of the potentially different populations are the same.

With g populations, the null hypothesis of interest is

H0 : Σ1 = Σ2 = · · · = Σg = Σ.

The alternative hypothesis is that at least two of the covariance matrices are not
equal.

Likelihood Ratio Test Statistic:

Λ =
g∏

j=1

(
|Sj |

|Spooled|

)(nj−1)/2

where
Sj : the sample covariance matrix from j-th group;
Spooled: the pooled sample covariance matrix

Spooled =
(n1 − 1)S1 + · · ·+ (ng − 1)Sg∑g

j=1(nj − 1)
.
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Box’s M Test Statistic

Box’s test is based on the χ2 approximation to the sampling distribution of

M = −2 log Λ =

[
g∑

j=1

(nj − 1)

]
log |Spooled| −

g∑
j=1

[(nj − 1) log |Sj |].

Box’s Test for Equality of Covariance Matrices
Set

u

[
g∑

j=1

1
nj − 1

−
1∑g

j=1(nj − 1)

]
·

2p2 + 3p − 1
6(p + 1)(g − 1)

.

Then
C = (1− u)M

has an approximate χ2 distribution with degrees of freedom
v = 0.5p(p + 1)(g − 1). Thus, at significant level α, reject H0 if C > χ2

v(α).
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