High Dimensional Data and Statistical Learning

Lecture 7: Variants of Lasso

(Adaptive Lasso, Elastic Net and Group Lasso)

Weixing Song

Department of Statistics
Kansas State University




Outline

Introduction

Adaptive Lasso

Elastic Net

Group Lasso

References




Outline

Introduction




Model:

yi=zaP1 4+ FTpbpte, 1<i<n

Notations:
® Response: ¥ = (¥1,...,9n) L.
® Predictors: x;j = (z1j,...,%n5) 7, 5=1,2,...,p.
® Design Matrix: Xpxp = (X1,...,Xp).
® Residuals: € = (e1,...,6,) 7.

® Regression Coefficients: 8 = (B1,...,5p) 7.

® True Regression Coefficients: 8° = (8¢,...,83)7T.

® Oracle Set: O = {j: 57 # 0}.

® Underlying Model Dimension: d° = ||O| = #{j : B # 0}.
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Centering and Standardization

WLOG, we assume that the response and predictors are centered and the
predictors are standardized as follows

n n

n
D wi=0 > ay=0, > sE=n 1<j<p
i=1

i=1 i=1

Then there is no intercept in the model.

Each predictor is standardized to have the same magnitude in La. So the
corresponding regression coefficients are “comparable”.

After model fitting, the results can be readily transformed back to the original
scale.




Lasso: Review

The Lasso estimator of 8¢ is

1
B = argming { 5-lly — X813 + Al |

Consider the set of estimated variables using Lasso
O ={j: Bi(N) #0,j=1,2,...,p}.
From the analysis of the Lars algorithm (Efron et al., 2004), we know that

|O(N)| < min(n, p) for all \.
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Lasso tends to select a superset of the relevant covariates from O. Here is one
result that captures this property:

For some C > 0, define
O = |Bf| > Cj=1,2,...,p}, O={i:|B|#0,i=1,2,...,p},

where B¢ is the true underlying parameter. One can show that for any
fixed 0 < C' < o0, as n — o0,

P(OM) D 0y 51,

So we do not miss any relevant covriates.

The question that follows is that when and how lim O(\) = O.




Ideally we want our model to exactly select the set of true covariates as n — oo.
This property is called consistency and it is the first requirement of an oracle
procedure.

Definition: Oracle Procedure

Denote 3(8) the coefficient estimator for fitting procedure 8. We call § an
oracle procedure if 8 (8) (asymptotically) has the following properties:

® Consistency: Identifies right subset model: {j: 3;(6) # 0} = O,

e Asymptotic Normality: /7(8¢ (8) — B&) Z, N(0,%,), where
Y, is the covariance matrix knowing the true subset model.

For the sign consistency of Lasso, we introduced the irrepresentable condition.
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Adaptive Lasso




An approach to obtaining a convex objective function which yields oracle
estimators is using a weighted L; penalty with weights determined by an initial
estimator. See Zou (2006) for detail.

Adaptive Lasso estimates ,@ is defined by

P

X . 1

B = argming § —|ly = X85+ A Y wldl ¢,
j=1

where the weights can be constructed as

wr— 1B, i B # 0
J 0, if B; =0.

We can use OLS (small p case) or Lasso estimator (large p case) as B.

If Bj = 0, then B; = 0. If | 3| is large, the penalty is small for the j-th coefficient,
and vice versa.




Adaptive Lasso: Computation

We can use the same algorithms for solving Lasso problems to solve adaptive
Lasso.

Without loss of generality, assume that all Bj # 0 or all w; # oo.

Define W = diag(wj)pxp, and denote B]* = w;fj, and B* = WpB. Then
y=XB+e=XW 'WB+e=X*B*+e, where X* = XWL,

and

P
1 2 _ 1 * g% |12 *
Solly = X813+ 2" wilgl = o-lly — X*B713 + A8l
Jj=1

If ,@*(A) is the solution of the above Lasso problem, then
BN =WBT(N)

will be the adaptive Lasso solution.




With a proper choice of A\, the adaptive Lasso enjoys the oracle properties. The
following result is from Zou (2006) for fixed p case.

Theorem

Suppose that v/nA — 0 and An(+1)/2 5 oo Then the adaptive Lasso
estimates must satisfy the following:

e Consistency in Variable Selection: lim,—co P(O(X) = O) =1 as
n — oo;

® Asymptotic Normality: \/ﬁ(Bo(é) - B%) = N(O,JQEfll).

Therefore, the adaptive Lasso is consistent without requiring the irrepresentable
condition.

Extensions to p = p(n) is made by Huang et al. (2008).




Sing Consistency in Large p Case
Consider the same setting as we derive the sign consistency for Lasso.

Let ¢1 and c2 be the smallest and largest eigenvalues of ¥11 respectively. Huang
et al. (2008) showed the sign consistency of adaptive Lasso under the following
conditions, with appropriately choosing tuning sequence:

® c1,...,ep are ii.d. N(0,02).

® There exist wp+ and w;; such that

P | max |wpj| < wps, and min |wyj| > wpx | =1 — o(1).
jeo i¢o

® By > 2wpe AV d°/c1, wh > wnxVc2d%/c1.

Therefore, the irrepresentable condition is not required, if the initial estimator is
“good enough”.
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There are a number of limitations of the Lasso estimator, which make the Lasso
inappropriate for variable selection in some situations.

In the p > n case, the Lasso selects at most n variables before it saturates. This
could be a limiting feature for a variable selection method.

Lasso has no grouping property, it tends to only select one variable among a group
of highly correlated variables.

For usual n > p situations, if there are high correlations between predictors, it has
been empirically observed that the prediction performance of the Lasso is
dominated by ridge regression.




For any fixed non-negative A = (A1, \2), the elastic net (eNet) criterion is defined
as

1 1
L, A2, B) = —lly = X8I + MillBlls + 221817,

It is equivalent to a constraint LS method. Let o = A2/(2A1 + A2). Then an
equivalent optimization problem is

B = argming ly — X2, subject to (1 — a)[B]1 + allB|? < ¢.

The eNet penalty is a convex combination of the Lasso and ridge penalty. For all
a € [0,1), the penalty function is singular at 0 and it is strict convex for all a > 0.




Penalty Function in eNet

Take p = 2 as an example.
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eNet: Solution

The eNet objective function L(A1, A2, 3) is equivalent to a Lasso problem on
augmented data (X*,y), where

amyxp = X/ maeD”, y* =(y",0M)T.

Then the naive eNet criterion becomes

1 * *
LOWB) = oy = X8I + MillBlh.

Since rank(X*) = p, the elastic net can potentially select all p predictors.

The above formulation also says that the Naive eNet enjoys the computational
advantages of Lasso.




eNet: Orthogonal Design

In the orthogonal design case, that is, ijxk = 0;k, where 65, = I(j = k), the j-th
eNet estimator is

sen(BXS)(1A5S )y S(BYS;A)
14+ Ao o 14 Ao
where S(-; A1) is the soft-thresholding operator.

=

To compare, recall the estimates for ridge regression and Lasso under orthogonal
design:

Aridge B]LS aLasso ALS

B; = 5]‘( 25(5]- § A1)

J 1+)\2’




eNet: Solution in Orthogonal Design

Note that

L(A1,X2,8)

1 1
oo lly = X8I + A8l + 52211811
n 2
1 ~LS ~LS 1
= 5 lly-Xs I* + X8 - XB H2+A1HBII1+5A2HEIIQ~

Note that XTX /n = I, then minimizing L(\1, A2, B) is equivalent to minimizing

ALSH2

1
5”/3*5

Easy to see the minimization problem is separable. That is, for each j, the eNet
solution is

1
+ A8l + 5>\2HﬂH2~

B

Lol 5 !
argming, {5(@ — 5];5)2 + A1lBj] + 5/\2572}

BLS 2
= argming, (B] o T 1) Nt 1 — 18l

S i M :
)\2+17/\2+1
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Grouping Effect
Sometimes, identification of “grouped variables” is desired.

Consider a general penalized regression approach
X . 1
b= argming { S-ly - X8I + 29}

where J(-) is the penalty function.

A regression method exhibits the grouping effect if the regression coefficients of a
group of highly correlated variables tend to be equal.

Question: Does OLS or Lasso have the grouping effect?




Assume x; = xj, ,j € {1,2,...,p}.

e If J(-) is strictly convex, then Bi = Bj, for VA > 0.

e If J(-) =||B|l1, and B1,B2 > 0, then /§* is another minimizer of the
generic penalization function, where

) B if k # i, 5;
B = s(Bi + Bj) if k= i
(A=9)Bi+5) ifk=j

for any s € [0, 1].

Lasso is convex but not strictly convex; the eNet with A2 > 0 is strictly convex.




Theorem

Let B(A1,A2) = B be the naive eNet estimate. Let pji = corr(xj,xy). If
Bj,@k > 0, we have

< 2(1 = pjk)-
||Y|| >\2 !

Proof: Take derivative with §;, 8 of the eNet objective function, respectively, we
get

—n~'x] (y — XB) + Aisgn(B;) + A2 = 0
—n" % (y — XB) + Aisgn(By) + A2y = 0.

Hence, A2(3; — i) = n=1(xj — x3) T(y — XB). Note that Pik = ijxk/n, and
llx; — xx/|2 = 2n(1 — pjx), we have
n | — x0Ty = XB)| < n g —xil - iy — XAl

The theorem follows the fact that ||y — X8| < [ly|-

Novem



Remarks on eNet

The LHS of the inequality in the theorem is unitless, which describes the
difference between the coefficient path of predictors j and k.

The naive eNet does not perform “satisfactorily”.

The ridge penalty introduce an extra bias factor 1/(1 4+ A2). This ridge shrinkage
on top of the Lasso shrinkage is the double shrinkage effect discussed in Zou and
Hastie (2005).

Zou and Hastie (2005) proposed to removes the ridge shrinkage factor by
multiplying the naive eNet by (1 + A2) to obtain the eNet estimator

ﬂeNet = (1 + AQ)/HnaivefeNet'

Scaling preserves the variable selection property but solves the shrinkage problem.




The eNet estimator can be considered as Lasso estimator based on augmented
data.

The theoretical analysis can also take advantage of this fact. Prediction bound
and sign consistency can be similarly established.
We can consider a more general criterion
1 - 1
Sy = XBI + 31 wilBjl+ 52287 Q8,
2n 2
j=1

where w;’s are adaptive weights and @ is a given positive semi-definite matrix.
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Model Set-up

Consider
y=X1B1 + -+ XpB, +¢
where
*y=(y.-syn)”
& X = (Xj1,..., dej) represents the design matrix of the j-th group of
variables of size dj with x5 = (T1jjk, - - -, Tngh) |
e 8= B, - Bia) T
® = (511---757L)T

We are interested in selecting groups of variables.

Examples include analysis of high-dimensional genomic data in order to find
functional groups, pathways, groups consisting of co-expressed genes, SNPs in the
same haplotype block, and many others.




Table. Impact study. Dictionary of covariates

Example (Impact Study): The Group Variable  Type Definition
impact study was part of a three-year Age Vi C Aee
project designed to measure the impact 2 C Age
of nutritional policies and Gender V3 B Female gender
. . . Ethnicity V4 B FEthnic (American Indian/Alaska native)

environmental change on obesity in the Vs B Ethnic (Hispanic/Latino)
high school students enrolled in Seattle V6 B Ethnic (Asian)
Public Schools. The primary goal of \ B Ethnic (Native Hawaiian/Pacific Islander)
this study is to determine the effects of e B Eihnic (White)

Vo B Ethnic (Do not know)
different risk factor on body mass V10 B Noanswer
index (BMI), Vil B Bi/multi-racial

Vi2 B Speaking other language

. s Food source Vi3 B Breakfast/lunch from cafeteria more than 3 times per week
Table 1 provides the definitions of the VI4 B Food from i la carte more than 3 times per week
variables included in the study. The 25 VIS B Fastfood
covariates can be naturally classified Vie B Food from home more than 3 times per week
. . . . Consumption V17 C  Fizzy drinks
into eight different groups, measuring (Unhealthy) vis B Sweris
different aspects such as food sources V19 B Crisps
and demographics. The response V20 B Cake
variable is the logarithm of the body Vol B leecream
. Consumption V22 C  Milk
mass index. (Healthy) V23 C  Fruitand vegetable
School v B School AorB

There are 799 Subjects with complete Physical activity V25 C  Mild physical activity

V26 € Hard physical activity
records.

Type, type of variable; C, continuous; B, binary.




Group Lasso: Formulation
Let 3; = XjTXj/n. The group Lasso criterion is defined as

B = argming L(B; \), (1)

where
P
L(B: ) ZXJ “Z Vl18)lIs;,
j=1

and ||Bj||2j = (B TE]B )1/2

Write 3; = RTR] for a d; x d;j upper triangular matrix R; via Cholesky
decomp051t10n

Assume that ¥; is invertible. Let X; = X]R and b; = R;B;, and denote

2
P P
. 1 -
b = argming L(b; \) = argminy, 1Y~ E X;bi|| +A E \/deb]H
=1 =1

Then 3; = R; 'b;.




Note that
1~ T~ -1 — -1
XX = (RyH T (n T XX R = 1y

Thus using the || - ||5; norm in (1) amounts to standardizing the desing matrices
X,’s.
WLOG, we assume that X; is orthonormalized with n’lijX]- = Iy;.

The implementation of the group Lasso is an extension of the shooting algorithm
(Fu, 1999) for the Lasso. It is motivated by the following proposition, which is a
direct consequence of Karush-Kuhn-Tucker (KKT) conditions.

Necessary and Sufficient Conditions for Group Lasso Solution

A necessary and sufficient, condition for b to be a solution to argming L(b; A)
is

_ Abj\/d; .
—n 71X (y — Xb) + ljb\f =0, Vb;#0,
j

In'XT(y - XB)| < A/dj  Vbj=0, j=1,2,...,p.
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Recall that n_IX]TXj = I4;. It can be verified that the solution to the equations
in proposition is !
N A i R
bj=|1- Vb X (y - X"by),
In=1X ] (y — XTb_j)| '

(T NT\T
where b_; = (b ,..., bJ 1,07 b]+1u"'vbp)
The Group Lasso solution can therefore be obtained by iteratively applying the

above equation.

In particular, if we further assume that XjTXk =0,j # k, then it is easy to see
that The problem simplifies to that of estimation in p single-group models of the
form y = X;b; +«.

Let z; = (XTX]) 1XTy = n*1XTy be the LSE of b;. Then based on the
previous proposﬂzlon we can show that the group Lasso estimator for the j-th
group is

. ) 1 /\\/17]‘
i) = argming, { - Iy = Xyl + A/albyl = (1= ) a @)
+

lEAl




Group Lasso: Group Coordinate Descent

The group coordinate descent (GCD) algorithm is a straightforward extension of
the coordinate descent algorithm we have discussed.

Suppose the current values for the group coefficients Bfﬁ, k # j are given. We
want to minimize L with respect to 3;. Define

2
1 2(s)
LB = 5 y—gxkﬁk = X35\ + A/ dl181l
k#j

Denote y; = Zk;&j XkB,(CS) and z; = n’lij(y —¥j). Let B]' denote the minimizer
of Lj(B;; A). We have

B; = S(zj: /i),

where S is the multivariate soft-threshold operator defined by

S(z;t) = (1 - HZLH)+Z'




Group Lasso: GCD Algorithm

Joordinate Descent Algorithm

For any fixed A,

T
~ AT ~ T
1. Start with an initial value for ﬂ(o) = (B§O) ey ﬂIgO) ) g

2. In the s + 1-th iteration,

(1). Let j = 1;
(2). Calculate

Zi=n "X (y-3) =0 X (y -5+ X;B\") = n T Xy + B,

P
j=1
r =y — ¥ is the current residual.

(3). Update B](.SJrl) using S(z;; \/;]A) If j = p, then exit step 2.
(4). Update r using r — Xj(BJ(.SJrl) - EJ(S))
(5). Let j < j+ 1, repeat (2)-(4).

3. Repeat step 2 for s + 1 until convergence.

where y = Xjé](.d) is the vector of current fitted values and

NOTE: The above algorithm is designed for the cases in which the predictors are standardized to

have Lg-norm n.




The last step ensures that r always holds the current values of the residuals.

The GCD algorithm has the potential to be extremely efficient, in that the above
three steps require only O(2nd;) operations.

One full iteration can be completed at a computational cost of O(nd) operations.

The algorithm described above can be used repeatedly to compute B()\) on a grid
of values of A.

Let Amax be the smallest value for which all coefficients are 0 and Amin be the
minimum value of A. From (2), one can take Amax = maxi<j<, [|[n "1 X;y]. If
Zf:l d; < n and the design matrix if full rank, Amin can be 0. In other settings,
we use Amin = 0.001 A max-

Let Amax > A1 > -+ > Ag > Amin be a grid of decreasing A-values. We start at
Amax for which B has the solution 0, and proceed along the grid using the value of
,3 at the previous point of A in the grid as the initial value for the current point in
the algorithm.
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